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Abstract

A lot of methods have been proposed (and sometimes implemented) for proof search in the
propositional modal logics K, KT, and S4.

It is difficult to compare the usefulness of these methods in practice, since mostly only the exe-
cution times for a few simple formulas have been published. We try to improve this unsatisfactory
situation by presenting a set of benchmark formulas. Note that we do not just list formulas, but
give a method that allows to compare different provers today and in the future.

As a starting point we give the results we obtained when we applied this benchmark method
to the Logics Workbench (LWB). Moreover we hope that the discussion of postulates concerning
benchmark tests for automated theorem provers help to obtain improved benchmark methods for
other logics, too.

1 Introduction

A lot of methods have been proposed (and sometimes implemented) for proof search in the propo-
sitional modal logics K, KT, and S4. An incomplete list: tableaux and sequent calculi, embeddings
in other logics, connection method, inverse method, logical frameworks.

It is difficult to compare the usefulness of these methods in practice. In most publications no or
only a few execution times are listed. There are some exceptions like [1] (31 formulas for K, KT,
S4) and [2] (38 formulas for S4). However, these formulas are already today too simple to serve as
benchmarks. For example it takes about 0.002 seconds to solve the hardest problem of [1] for K,
KT, S4 with the Logics Workbench (LWB). The formulas of [2] are harder, but also there it takes
only about 0.035 seconds to solve the hardest formula with the LWB.

This situation is very unsatisfactory. Therefore we decided to collect a set of benchmark problems
for the propositional modal logics K, KT, and S4.

In classical predicate logic, the often-cited collection of Pelletier [9] has been replaced by the TPTP
library [11]. Although this library is considerably large, it is still common to choose a dozen of
these formulas out of this library and publish the execution times for these formulas. Therefore we
do not just give a list of formulas, but present a method that makes it possible to compare different
provers. (The producers of TPTP plan a so-called benchmark suite for the next version that should
allow the computation of a performance index for automated theorem provers for classical predicate
logic; cp. [11].)
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The selection of the hard benchmark formulas was guided by the following postulates (see the
following section for a thorough discussion).

Provable as well as unprovable formulas.

Formulas of various structures.

Some of the benchmark formulas are hard enough for forth-coming provers.

For each formula the result is already known today.

Simple ‘tricks’ do not help to solve the problems.

Applying the benchmark test to a prover takes not too much time.
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The results can be summarized.

These postulates lead us to the exclusive use of scalable formulas. We test for which parameters
n a certain prover can decide whether the scalable formula A(n) is provable or not in less than
100 seconds. The drawback of scalable formulas is their regular structure. If ‘by chance’ a prover
‘recognizes’ this structure, it can perform extremly well for a certain class of formulas, but still
work very bad for slightly different formulas. We try to overcome this problem by hiding their
structure with superfluous subformulas, and by presenting a sufficient number of different classes.

Collecting and constructing scalable formulas — always keeping the seven postulates in mind — is
a very time-consuming task. Therefore the number of classes we propose is not as large as we
would like it to be. The number of formulas is no longer a problem in the approach chosen in [3].
There formulas in some sort of nested conjunctive normal form were constructed using a random
generator. It seems possible to choose length, number of clauses, and modal depth such that the
resulting formulas are on the edge between ‘satisfiable’ and ‘not satisfiable’. On the other hand this
method has two drawbacks: the formulas all have a similar structure (cp. postulate 2), and — more
serious — the correct result is not known beforehand (cp. postulate 4). In our opinion a method
relying on such formulas cannot replace our method, but could serve as a complementary method.

At the end of this report we apply the benchmark method on the decision procedures integrated
in the LWB. Of course it is possible to implement much faster decision procedures for K, KT, and
S4, but hopefully these results serve as a starting point.

This paper contains all the information that is required in order to use the benchmark method. For
convenience we offer the possibility to fetch some formulas and the programs that produce these
formulas via WWW.

2 Postulates

In this section we discuss the seven postulates mentioned in the introduction in more detail. Note
that they are widely applicable, not just for the logics for which we present benchmark formulas in
this report.

Provable as well as unprovable formulas.

Often only provable formulas are considered as benchmark fomulas. We think that not provable
formulas are as interesting as provable ones.

Moreover, algorithms like the Greedy procedure in classical propositional logic ([8], [10]) can rec-
ognize many unprovable formulas in a very short time, but they cannot show that a formula is
provable. A benchmark method must also be applicable for such semi-decision procedures.



Formulas of various structures

It is clear that four or five formulas are not enough to obtain representative results about the
performance of a prover. However, also a large number of formulas does not guarantee the quality
of the benchmark set. For example it is tempting to use the embedding of IPC in S4 in order
to obtain a list of benchmark formulas for S4 from a list of benchmark formulas for IPC, but all
the resulting formulas look similar. An even more dubious method it the use of just one class of
formulas, e.g. the pigeonhole formulas.

Things look of course different if one has a certain application in mind and develops a tuned prover
for this application, but here we want to measure the overall performance.

Some of the benchmark formulas are hard enough for forth-coming provers.

It is not enough if the benchmark test is hard enough for today’s provers. The test should still be
applicable for much faster computers and improved search methods in the future. Thus the test
must contain formulas that are far too hard for existing provers.

For each formula the result is already known today.

The correct result, i.e. ‘provable’ or ‘unprovable’, must be known already today. Therefore it must
be possible to check the provability resp. non-provability of the formulas with logical methods, and
not just with theorem provers. Random formulas do not fulfill this postulate.

Simple ‘tricks’ do not help.

The addition of a simple trick to the prover should not influence the results.

Assume for example that a benchmark set for K contains formulas without O and without <.
Such formulas are provable in K iff they are provable in classical propositional logic. If a prover
checks at the beginning whether modal operators occur in the formula, then he can apply a fast
decision procedure for classical propositional logic in order to solve the problem. Therefore our
benchmark test contains no such formulas. For example the pigeonhole formula is disguised with
some ‘superfluous’ O and <. If a prover recognizes this disguise, or if he sees during the proof
search that a subproblem is purely classical, then we think that this is no longer a simple trick.

Of course it is impossible to foresee all such tricks, but at least one should try.

Execution of the benchmark test takes not too much time.

Nobody wants to spend a lot of time to measure the performance of his prover. In particular, the
required time should not depend on the prover or on the computer. Therefore some limits must be
used, e.g. ‘if the prover cannot solve the problem in n seconds, then stop’.

Results can be summarized.

A list of hundreds of numbers is not a satisfactory result, since it makes a comparison of several
provers almost impossible. Therefore it must be possible to summarize the results. On the other
hand the result should still show some properties of the prover. We think that in most cases it is
sensible to give a list of numbers and not just one number in order to describe the performance of
the prover. (Remember the semi-decision procedures already mentioned above.)



3 Benchmark method for K, KT, and S4

3.1 Formulas

For each logic L, the formulas are divided into 9 classes of provable and 9 classes of unprovable
formulas. The formulas in each class are parametrized by a number in N. We call the jth formula in
the ith class of provable resp. unprovable formulas F}, ; ; resp. Fy, ; ;. Thus L+ F,; ; and L ¥ Fy ;
forallie {1,...,9},7 €N

Let t(C) be the time in seconds the prover takes to decide whether or not the formula C' is provable,
ie. t:Fml - NUoo. We compute for each i € {1,...,9} the numbers n,; := max{j | t(Fp;,;) <
100 seconds} and ny ; := max{j | t(Fy ;) < 100 seconds}. Thus F}, ; , , is the first formula in the
ith class of provable formulas such that the prover cannot decide its provability in less than 100
seconds (F}, ; »,, analogous).

3.2 Timing

It is not possible to describe a timing procedure that is sensible for all provers (think e.g. of
non-deterministic and parallel provers). Therefore it is important that everybody who applies the
benchmark method describes exactly how the timing took place. See section 9 for an example.

If possible, then observe the following conditions in order to make the comparison of different
provers easier.

e The timing starts after the start-up of the prover

e No conversions, e.g. in negation normal form, before the timing starts.

e The timing includes the construction of the data structure that contains the formula. This is
especially important if you put additional information into the data structure before starting
the ‘real’ proof search.

e Make your prover accessible in some way, in order to give people the possibility to check your
results.

3.3 Presentation of the results

We propose the following form to present your results. With this information it should be possible
to check the obtained results. See section 9 for an example of a filled in form.

1. Name of the prover. Short description of the methods used by the prover (or a reference).
2. Availability of the prover.

3. Short list of features your prover offers besides checking the provability of formulas (or a
reference). Examples: Is the prover tuned for a certain application ? Has the correctness
of the prover been verified 7 Can one use one prover for many logics ? Is a proof resp. a
counter-model generated ?

Hardware that was used for the benchmark test.
An example of the way you timed your prover.

Results, i.e. the numbers n, ; and n, ; for all i € {1,...,9}.

N ok

Discussion of the results (optional).



3.4 What about the postulates 7

Our method largely satisfies the seven postulates:

There are provable as well as not provable formulas.

The formulas have various properties (number of variables, modal depth, ...) and origins.
Each class contains arbitrarily hard formulas.

It is clear which formulas are provable.

We tried ...

Applying our benchmark method is rather tiresome if one does not automate it, but the
required time seems reasonable to us.

A S

7. For each logic the result consists of a list of 18 numbers.

The main problems are the postulate 5, and the — at least for semi-decision procedures — relatively
small number of classes.

4 Notation

Logics: CPC stands for classical propositional logic. K, KT, S4 are the modal propositional
logics we consider. In order to avoid misunderstanding we list the corresponding properties of the
accessibility relation in Kripke semantics: K: neither reflexive nor transitive, KT: reflexive, but not
transitive, S4: reflexive and transitive.

Variables and formulas: Var = {po, p1,p2, ...} is the set of the variables. We inductively define
the set of the formulas Fml: T, 1 € Fml; P € Var = P € Fml; A € Fml = 04,0A4,-A € Fml;
A BeFml= AAB,AVB,A— B,A+ B € Fml

Conventions: We use meta-variables (sometimes with subscripts) as follows: A, C for formulas,
k, n for elements of {1,2,...}.

V and A are left-associative. =, O, & have the highest priority, followed by A, V, —, and <. We
omit the outermost brackets. Example: pg V p1 V pa — (=p2 A p1) <> po stands for the formula
((((po V p1) Vp2) = ((=p2) Ap1)) ¢ po).

Iterations: 0O°A stands for the formula A, O"A stands for the formula OO" 'A. %4 stands
for the formula A, O™A stands for the formula GO™ LA, Nizn,....n,(A;) stands for the formula
Apy Ny g1 A A Ap, (if n1 < no) resp. for the formula true (if n1 > na). V,_, . (4;) stands
for the formula A,, V A, 41V ...V Ay, (if ny < ng) resp. for the formula false (if n; > no).
Equality: A = C means that the two formulas A and C are (syntactically) equal.

Substitution: If P;,..., P, are variables, then A{C,/P;,...,C,/P,} is the formula A with si-

multaneously substituted P, by Cy, ..., P, by C,. Example: (po V O(p1 — po)){p2/p0, Op1 <
po/p1} = p2 vV O((Op1 > po) = p2).
Lists: [z1,%2,...,2,] is the list with the elements z1, 2, ..., ,. Note that [1,2], [2,1], [1,1,2]

are three different lists. \/ A,) stands for A,, V...V A, .

ye[wl,...,wn](

Standard formulas:
D:= Opy — <>p0
Dy := Otrue
B :=py — OCpy
T:= Dpo — Do
A4 - Dpo — DDpO
A5 : —0pg — O-0pg
H:=0(po V1) AO(Opg V p1) AO(po V Opy) — Opg V Opy



:= O(po A Opo — p1) V O(p1 AOpy — po)
L+ O(Qpo — p1) vV O(Op1 — po)
Grz := O(D(po — Opo) = po) — Po
Ger = 0(8(po — Opo) — po) — Opo
Dum := 0(0(py — Opo) — po) — (COpo — po)
Dum; := O(O(po — Opo) — po) — (GOpe — Opo)
Dumy := O(O(po — Opo) — po) — (GOpo — po V Upo)

Negation normal form: We inductively define the function nnf for formulas without <.

e nnf(true) := true, nnf(false) := false, nnf(—true) := false, nnf(—false) := true

o f(P) = P, nnf(—=P) := =P

o f(E!A) = Onnf(A), nnf(OA) := Onnf(A)

e nnf(A A B) :=nnf(A) Annf(B), nnf(A V B) := nnf(A) V nnf(B)

e nnf(A — B) := nnf(-AV B)

e nnf(-0 ) = nnf(O—A), nnf(-<CA) := nnf(0-A4)

° f(

° f(
nf (

=(A A B)) :=nnf(-mAV -B), nnf(~(A V B)) := nnf(-A A -B)
A — B)) :=nnf(AA-B)

——A) :=nnf(A)

—

Length and modal depth: We inductively define the functions length and modaldepth.

length(true) := 1, length(false) := 1, length(P) :=1
o € {0,0,=} = length(oA) :=length(A4) + 1
o€ {A,V,—,+} = length(A4 o B) := length(A) + length(B) + 1

modaldepth(true) := 0, modaldepth(false) := 0, modaldepth(P) := 0

o € {O0,0} = modaldepth(oA) := modaldepth(A4) + 1

modaldepth(—A4) := modaldepth(A)

o € {A,V, =, <} = modaldepth(A o B) := max(modaldepth(A), modaldepth(B))

Integer division: The functions div and mod are defined as usual. Example: 14 div 3 = 4,
14 mod 3 = 2.

5 Presentation of formulas

For each class of formulas we list in the following section:

1. Idea: Why is the formula provable resp. unprovable ?

2. Hiding: How is the formula ‘hidden’ in order to make the problem harder to solve ?

3. Characteristics: Modal depth, number of variables, ...
4. An inductive definition of the formulas.

Appendix T contains the first two formulas of each class, and the length, depth, modal depth,

variables of the first six formulas of each class. If you generate the formulas by yourself, then please

compute these values and compare them with the ones in appendix I. In this way you can make

(relatively) sure that you consider the correct formulas. (See section 4 for the definitions of length
and modal depth of a formula.)



Appendix II contains the listings of the procedures (written in the LWB programming language)
we used to generate the formulas for the benchmark test in section 9. The formulas you can fetch
were obtained with the help of these programs.

In order to avoid inconsistencies between the formulas in the sections 6, 7, 8 and the programs in
appendix II, we implemented a Perl program that automatically converts the LaTeX definitions
into LWB programs. We then compared the results of these generated LWB programs with the
results of the LWB programs in appendix II.

6 Formulas for K

6.1 k_branch_p

Idea: The branching formula as defined in [4], plus a negation symbol in front and the additional
subformula =0O"p,, giv 341 in order to make the formula provable. We assume n < 100.

Charateristics: 2n + 3 variables, modal depth O(n).

ey

det(n) := Ao, .., (Proo+i = (pi = O(P1oo+i = pi)) A (=pi = O(p1oo+i — —pi)))
branching(n) :=
/\izo,___,n_l(p100+i A =p1o14+i = O(P10o14i A "P102+i A Pig1) A O(Proi+i A “P1o2+i A Pit1))

6.2 k_branch_n

Idea: The branching formula as defined in [4].

Characteristics: Every Kripke model that satisfies the pure branching formula must have an expo-
nential number of worlds (cp. [4]). 2n + 3 variables, modal depth n + 1. We assume n < 100.

k_branch_n(n) := =(p1oo A =p1o1 A Ni_y (D' (bdepth(n) A det(n) A branching(n))))

.....

bdepth, det, branching as in 6.1.

6.3 k.d{p

Idea: KF DA A4AB{-po/po} — T.

Hiding: The left hand side occurs with 1 to n O, the right hand side occurs just with n O in
front. O"T is repeated n times. Additionally some superfluous instances, and the whole formula
in negation normal form.

Characteristics: One variable, modal depth n + 3, in negation normal form.
k-df_p(n):=nnf(\V,_, . (3"TV-0DyV-0'AdV -0°Ad{Opo/po} V ~O'B V ~O°'B{-po/po}))

6.4 k.difn

Idea: A5 is not provable in K plus any instances of D, A4, and T.
Hiding: As in 6.3.
Characteristics: One variable, modal depth n + 3, in negation normal form.
k_dj_n(n) :=nnf(\/,_, ,(@"(OpoV OO=po) V =0'Dy V =0°A4V =0°A4{Opo/po} V =O'D
V 0 A4{Opo — po/po} V ~O°A4{Opo — po/po}))



6.5 k_dum_p

Idea: K+ A4{O(py — Opg) — po/po} A OA4 A Dum A Dum{py — Opy/po} — Dum;.

Hiding: Some of the formulas on the left hand side of the implication occur with 1 to n — 1 O in
front, the right hand side occurs just once with n div 2 4+ 1 O in front.

Characteristics: One variable, modal depth n + 2 (for n > 4).

k-dum_p(n) := /\i:l,... n div 2(Di(DA4 A Dum)) A ~0" 4 21 Dum,
— O™ AV AT (A4{0(py - Opo) = po/po} A OA4 A Dum A Dum{po — Opo/po})
\ Vi=n div 242,..., n_1(<>z_‘(DA4 A Dum))

6.6 k_dum_-n

Idea: Dum is not provable in K plus any instances of Dum, and A4.
Hiding: As in 6.5.
Characteristics: One variable, modal depth n + 5.

k-dum_n(n) := N\ioy, o aiv ,(0'(0A4 A Dumy)) A =0"*!Dum
— O™ ~(A4{0(po — Opo) = po/po} A DA4 A Dumy A Dums{po — Opo/po})
VVicn divass,. . n1 (O 7(0A4 A Duma))

6.7 k_grz.p
Idea: K+ OGrz A Grz{C() A A4{C()/po}/po} — Grzi, where C() is defined as below.

Hiding: Many superfluous instances with three variables, and iterated O inside the instances.
Characteristics: 3 (if n < 5) resp. 4 variables, modal depth 7 (if n < 14) resp. n + 14 div 4.

k_grz_p(n) := OGrz{p2/po} A N\i—y, 1 (1(0)) A Grz{C() A A4{C()/po}/po}
— Grzi1{p1/po} V Grz1{p2/po} V Grz1{ps/po}

Grz{12(i div 4) /po} imod4 =0
1) = Grz{OI2(: div 4) V p1/po} imod4 =1
) Grz{Oi2(i div 4) V p1 V p2/po} imod4 =2
Grz{0I2(: div4) V. p1 Vp2 V ps/po} otherwise
12(i) E{ false =0
012(i —1) Vp1 Vp2 VpsVps otherwise

C() := O(p2 — Op2) = p2

6.8 k_grz.n

Idea: Grz is not provable in K plus instances of Grz;.
Hiding: Asin 6.7.
Characteristics: 3 (if n < 5) resp. 4 variables, modal depth 7 (if n < 14) resp. n + 14 div 4.

k-grz_n(n) := 0Grza{p2/po} N \;_y, . -1 (1(0) A Grza {C() A A4{C()/po}/po}
— Grz{p1/po} V Grz{p2/po} V Grz{ps/po}

Grz,{12(i div 4)/po} imod4 =0
1) = Grz1{012(i div 4) V p1/po} imod4 =1
) Grz:{0OI2(: div4) Vp1 V p2/po} tmod 4 =2
GI‘Zr{DlQ (idiv4)Vpi Vp2 V p3/p0} otherwise
12, C asin 6.7.



6.9 k_lin_p

Idea: K+ H2 — L, where H2 is the instance of H defined below.
Hiding: Superfluous instances of H2 with other variables.
Characteristics: n + 1 variables, modal depth 3.
klinp(n) := Vo . aiv s(CH2(Dis pis1))
V L{pn/po,pn/p1}
VViin divati,...n(TH2(Pis pis1))
H2(A,B) :=H{AAOAAA— B/po,~A— —(OB A B)/p1}

6.10 k_lin.n

Idea: Lt is not provable in K plus any instances of L.
Characteristics: n + 1 variables, modal depth 2 (if n = 1) resp. 3.
klin-n(n) :=Vi_y  on_o(CL{OPi/po, pit1/p1} V ~L{p; — Opit1/po, pit1/p1})
V L {pn/po,pn/p1}
V'Vicon.. . an—a(GL{OPi /o, pit1/p1} V =L{p; = Opit1/po, pi+1/p1})

.....

6.11 k_path_p

Idea: Without hiding, the formula would just be Opyath_ei(1,n) V O (Ppath_ei(1,n) A OPpath_el(2,n)) V
oV O (Ppath_el(n—1,n) A OPpath_e1 (11,12)) V O Ppah_el(n,n)-

Hiding: The formula above is the path from the entry to the exit of a labyrinth described by
k_path_p. It makes no difference whether one starts at the entry or at the exit.

Characteristics: In backward proof search, the path from the entry to the exit has to be found with
backtracking, i.e. the function path_el must be reconstructed. 6 variables, modal depth n.

k_path_p(n) = (Dpl \4 Dppath_el(l,n) V Ops VvV DpS)

\Y; Vizl,___,n_].zl,___,6(left_to_7‘ight(i,j, n) V right_to_left(i, j, n))
\ (<>n_|p2 \% <>n_'p4 \ <>n_'ppath_el(n,n) \ <>n_'p6)

2 =1
path_el(l,n) := modg (path_el(l—1,n) +3,6) [ >ndiv2

modg (path_el(l —1,n) + 5,6) otherwise
left _to_right(l,k,n) :=

false l=n

false l #mn,kmod2 =0,k # path_el(l,n)

lists2fml(l, k, [path_el(l + 1,n)]) Il #n,kmod2 =0,k = path_el(l,n)

lists2fml(l, k,[1, 3, path_el(l + 1,n), 5]) Il #mn,kmod 2 # 0,k = path_el(l,n)

lists2fml(l, k, delete(path_el(l + 1,n),1,3,5)) otherwise
false =1

right_to_left(l, k,n) := < false l#1,kmod2=1

lists2fml_back(l — 1, k, delete(path_el(l — 1,n),2,4,6)) otherwise

lists2fml(l, k, s) := \/JSES(<>I(—|101c A Opz))
lists2fml_back (L, k, s) := \/, (' (=p= A Opi))

[v2,y8] ==yl
_) Wi w=ye
delete(z, y1,y2,y3) == [y1,y2] r=y3
[yl,y2,y3] otherwise
modg(ni,na) =3 m mod ny =0
gL, M2) 2= modny  otherwise



6.12 k_path_n

Idea: Asin 6.11, but one piece of the path is missing (cp. the different definitions of lefé_to_right in
6.11 and 6.12).

Hiding: As in 6.11.
Characteristics: In backward proof search, the labyrinth is searched (using backtracking) for a path
from the entry to the exit. 6 variables, modal depth n + 1.
k_path_n(n) :=
(Op1 V Oppath_ei(1,n+1) V Ops V Ops)
V'Vt mi1j=1.. elleft-toright(i, j,n + 1) V right_to_left(i, j,n + 1))
V(O™ apy VO apy VO p i i1y V O™ )

path_el, right_to_left, lists2fml, lists2fml_back, delete, modg as in 6.11.
left_to_right(l,k,n) :=

false l=n

false I #n,kmod2 =0,k # path_el(l,n)

false Il #mn,kmod2=0,k=path_el(l,n),l =n div 2
lists2fml(l, k, [path_el(l + 1,n)]) l #mn,kmod2 =0,k = path_el(l,n),l # n div 2
lists2fml(l, k, [1, 3, 5]) Il #mn,kmod2#0,k = path_el(l,n),l =n div 2
lists2fml(l, k, [1, 3, path_el(l + 1,n), 5]) Il #mn,kmod2# 0,k = path_el(l,n),l # n div 2
lists2fml(l, k, delete(path_el(l + 1,n),1,3,5)) otherwise

6.13 k_ph_p

Idea: The pigeonhole formulas. We assume n < 100.

Hiding: Some O and <.

Characteristics: Essentially a CPC problem. n? + n variables, modal depth 1 (if n = 1) resp. 2.
k_ph_p(n) := Oleft(n) — Oright(n)
left(n) := /\i:l,...,n+1(Vj:l,...,n(l(i’j)))
right(n) = V1 niiy =1, tyin—in 41,041 (01, 5) A (i, 7))

Loy Opiooi+; ¢ <
1(3,4) = { D100i+j otherwise

6.14 k_ph_n

Idea: The pigeonhole formulas, with one missing conjunct on the right hand side. We assume
n < 100.

Hiding: Some O and <.

Characteristics: Essentially a CPC problem. n? + n variables, modal depth 1 (if n = 1) resp. 2.
k_ph_n(n) := Oleft(n) — Oright(n)
left, | as in 6.13.
right(n) := Vj:l,...,n;i1=1,...,n+1;i2=i1+1 ..... w1 (12(ny i1, 5) A2(n, iz, 7))

= [ i) i=ji=(2n) div3+1
12(n,i,j) = { I(z,7)  otherwise

6.15 k_poly_p

Idea: The formula (p1 <> p2)V (p2 <> P3)V...V (Pno1 ¢ Pn)V (Pn <> p1) says: If we have a polygon
with n vertices, and all the vertices are either black or white, then two adjacent vertices have the
same colour. If n is odd, then this formula is provable in CPC.
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Hiding: Many O, <, and superfluous subformulas.
Characteristics: Essentially a CPC problem. About 4.5n variables, modal depth about 3n.
— ) poly(3n+1) nmnmod2=0
k-poly-p(n) := { poly(3n) nmod2=1

poly(n) := O™ Nici, (@) V fnyn) VO" T A, n+1(_‘p2i)

false _ 1=0
f@i,n) =49 O(f(i—1,n) VO (pn ¢ p1)) VOpiya  i=mn
O(f(i —1,m) VO (pi ¢ pit1)) V Opipo  otherwise

6.16 k_poly_n

Idea: Asin 6.15, but for an even number of vertices.

Hiding: Many 0O, <, and superfluous subformulas. The superfluous subformulas do not influence
the non-provability.

Characteristics: Essentially a CPC problem. About 4.5n variables, modal depth about 3n.

— | poly(3n) nmod2=0
k-poly-n(n) = { poly(3n+1) mmod2=1

poly, f as in 6.15.

6.17 k_t4p_p

Idea: K F T{Opo/po} A OT{-0Cpg/po} A Ad{Opo/po} A O(COOpy — (po — Opp)) — <OOpg V
<>|:|—|p0

Hiding: Superfluous subformulas (&—ps, Ops), superfluous instances of A4 and A5, nested O.
Characteristics: 4 variables, modal depth n + 5. Partially in negation normal form.
k_t{p_p(n) := E(n) Vanf(=C(n)) V Opa

((BCpe — Op1) A O(O-00p; — =OCpg) A (OOpe — OO, )
C(i) := AO(COCpe A po — Op1) A D<>p1){p0 A <>—|p3/p1} 1 =0
OA4{p1/po} AOC( — 1) A OA4{p1/po} otherwise
BG) =] 9o i=0
W= O=A4{=-p1/po} VOE(i — 1) V OA5{p1/po} otherwise
6.18 k_t4p_n

Idea: <Opy is not provable in K plus any instances of T, A4, and O(COOpg — (po — Opp)).-

Hiding: As in 6.17.

Characteristics: 4 variables, modal depth 2n + 4. Partially in negation normal form.
ktip-n(n) := E(2n — 1) Vonf(=C(2n — 1)) V Ops

{ ((BCpe — Op1) A O(O-00p; — =O0Opg) A (OCpe — OOCP,)

(i) = AO(SOCpo A po — Op1)){po A O-ps/p1} i=0

OA4{p1/po} AOC(i — 1) A OA4{Op1/po} otherwise
E asin 6.17.
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7 Formulas for KT

7.1 kt_45.p

Idea: KT A5{|:|p0/p0} A DAS{—Ipo/po} — A4,

Hiding: The left hand side occurs with 1 to n O, the right hand side occurs just with n O in front.
Additionally some superfluous instances, and the whole formula in negation normal form.
Characteristics: One variable, modal depth n + 3, in negation normal form.

kt_45_p(n) :=nnf(\/,_, (O"A4V 0Dy V -0'A5{O=po/po} VvV -O'0A5 v -0'B))

.....

7.2 kt_45.n

Idea: A5 is not provable in KT plus any instances of A4.
Hiding: Asin 7.1.
Characteristics: One variable, modal depth n + 3, in negation normal form.
kt_45 n(n) :=unf(\,_, _,(3"(Opo V OO-po) V ~0' A4V ~0°A4{Opo/po} V ~O'T
V ~0'A4{Opo — po/po} V ~0O°A4{0po — po/po}))

7.3 kt_branch_p

Idea: The branching formula as described in [4], plus a negation symbol in front and the additional
subformula =0"p(y, 4iv 3)+1 in order to make the formula provable.

Charateristics: 2n + 3 variables, modal depth n + 1.
kt_branch_p(n) := =(p1oo A ~pro1 A O"(bdepth(n) A det(n) A branching(n))) V =0"p(, aiv 3)+1
bdepth, det, branching as in 6.1.

7.4 kt_branch_n

Idea: The branching formula as defined in [4].

Characteristics: Every Kripke model that satisfies the pure branching formula must have an expo-
nential number of worlds (cp. [4]). 2n + 3 variables, modal depth n + 1.

kt_branch_n(n) := =(p1oo A =p1o1 A 0" (bdepth(n) A det(n) A branching(n)))
bdepth, det, branching as in 6.1.

7.5 kt_dum_p

Idea: KT A4{TO(po — Opp) = po} A OA4 A Dum A Dum{py — Opo/po} — Dum;.
Hiding: Some of he formulas on the left hand side of the implication occur with 1 to n — 1 O in
front, the right hand side occurs just once with (n div 2) + 1 O in front.
Characteristics: One variable, modal depth n + 1 (if n > 6).
kt_dum_p(n) := N\i_y . aiv ,(O'A4) A -0 4V DH Dy,
— O dv2H S (A4{0O(po — Opo) — po/po} A OA4 A Dum A Dum{po — Opo/po’})
VVicn div 242,...,n—1 (07=A4)

.....
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7.6 kt_dum_n

Idea: Grz is not provable in KT plus any instances of Dum.
Hiding: Asin 7.5.
Characteristics: One variable, modal depth n + 2 (if n > 4).
kt_dum_n(n) :== N\;_, . aiv ,(0°(0A4 A Dum)) A O™ 4 21 Gryg
— O™ 4V (A4LO(py — Opo) — po/po} A OA4 A Dum A Dum{py — Opo/po})

V' Vi, aiv 242,..n—1 (Oi_‘(DA‘l A Dum))

7.7 kt_grz_p

Idea: KT OGrz A Grz{C() A (A4{C()/po})/po} = Grz1, where C is defined as below.
Hiding: Many superfluous instances with iterated O inside the instances. The subformulas GO-pg
and ©pg are the parts of an instance of 7.
Characteristics: 3 (if n < 5) resp. 4 variables, modal depth 7 (if n < 14) resp. n + 14 div 4.
K-grz_p(n) := OGrz{ps/po} A Ay ,_,(1(0)) A Grz{C() A (A4{C()/po}) /po}
— Grzi{p1/po} V Grzi{p2/po} A OO=po V Grzi{ps/po} V Grzi{p2/po} A Opo
I,12, C asin 6.7.

7.8 kt_grzn

Idea: A5 is not provable in KT plus instances of Grz;.
Hiding: As in 6.7.
Characteristics: 3 (if n < 5) resp. 4 variables, modal depth 7 (if n < 14) resp. n + 14 div 4.
kt_grz_n(n) := OGrzi{ps/po} AN,y o1 (1(0) A Grzi{C() A A4{C()/po}/po}
— Ab{p1/po} V A5{p2/po} V A5{ps/po}

Grz, {12 (i div 4)/po} imod4 =0
1) = Grz1{012(i div 4) V p1/po} imod4 =1
) Grz:{0OI2(: div4) Vp1 V p2/po} imod4 =2
Grz1{0i2(i div 4) Vp1 V p2 V p3/po} otherwise
[2, C as in 6.7.
7.9 kt-md_p

Idea: In backward proof search, we have to find the way to g(n,n,—p;) through a lot of O and <.
Charateristics: One (if n = 1) resp. two variables, modal depth 0 (if n = 1) resp. n®> —n + 1.

kt-md_p(n) :=
P1V Vi a1 (90 m,mpr AOF(L,n,p2)) V g(i,n, ~p1 A Of(1,m,p1)) V g(i,n, =p2 A Of (1,1, p1)))

g(e,n, A) = f@i,n,g(i —1,n,A)) otherwise

7.10 kt-md_-n

Idea: Similar to 7.9, but simpler. The subformula g(n,n,—p;) is missing in order to make the
formulas unprovable.

Charateristics: One variable, modal depth 0 (if n = 1) resp. n?> —n + 1.
kt—md—n(n) =p Vv Vi:l,...,n—l(g(i)n) pr A <>f(17 n)pl)))
f, g asin 7.9.
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7.11 kt_path_p

Idea, hiding: As in 6.11, but we use new variables on each level of the labyrinth. (The formulas
k_path_p collapse in KT since KT - O"A4 — A.)

Characteristics: 6n variables, modal depth n.

kt_path_p(n) := (Op11 V Op1otpath_ei(1,n) V Op13 V Opis)
VVici =1, e(left-to-right(i, j,n) V right_to_left(i, j, n))
\4 (<>n_'p10n+2 \ <>n_'p10n+4 \4 <>n_'p10n+path_el(n,n) \ <>n_'p10n+6)

path_el, left_to_right, right_to_left, delete, modg as in 6.11.
lists?fml(l, k, S) = Vmes(ol(_'plol-‘rk A Dp10(1+1)+m))
lists2fml_back (I, k, s) := \/IES(OI(—-pwHI A Opiog+1)+))

7.12 kt_path_n

Idea, hiding: As in 6.12, but we use new variables on each level of the labyrinth. (The formulas
k_path_p collapse in KT since KT - O"A — A.)
Characteristics: 6n variables, modal depth n + 1.
kt_path_n(n) :=
(Opi1 V Op1otpath_ei(1,n+1y V Op13 V Opis)
VVici. mi1=1..¢(left-to_right(i, j,n + 1) V right_to_left(i, j,n + 1))
\4 (<>n+1_'p10(n+1)+2 \ <>n+1_'p10(n+1)+4 \ <>n+1_'plo(n+1)+path_el(n+l,n+1) \ <>n+1_'p10(n+1)+6)
path_el, left_to_right, right_to_left, delete, modg as in 6.12.
lists2fml, lists2fml_back as in 7.11.

7.13 kt_ph_p

Idea, hiding: As in 6.13.

Characteristics: Essentially a CPC problem. n? + n variables, modal depth 1 (if n = 1) resp. 2.
kt_ph_p(n) := left(n) — Oright(n)
left, right, | as in 6.13.

7.14 kt_ph_n

Idea, hiding: As in 6.14.

Characteristics: Essentially a CPC problem. n? + n variables, modal depth 1 (if n = 1) resp. 2.
kt_ph_n(n) := left(n) — Oright(n)
left, right, [, [2 as in 6.14.

7.15 kt_poly_p

Idea, hiding: As in 6.15.
Characteristics: Essentially a CPC problem. About 7.5n variables, modal depth about 5n.

— J poly(5n+1) nmnmod2=0
kt-poly-p(n) := { poly (5n) nmod2=1
poly as in 6.15.

false ' i1=0
fli,n) =9 O(f(i=1,n) VO™ (pn &> p1)) VOpiy2 i=n
O(f(i = 1,m) VO 2(p; <3 pir1)) VOpirs  otherwise
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7.16 kt_poly_n

Idea, hiding: As in 6.16.
Characteristics: Essentially a CPC problem. About 7.5n variables, modal depth about 5n.

— J poly(3n) nmod2=0
kt_poly_n(n) := { poly(3n+1) nmod2 =1

poly, f as in 7.15.

7.17 kt_t4p-p

Idea, hiding: Asin 6.17.
Characteristics: 4 variables, modal depth n + 4. Partially in negation normal form.
kt_t4p_p(n) := E(n) V anf(=C(n)) V Opa

C(l) — ((D<>p0 e d DDOpl) A D(ODQ})O N po — Dpl) A D<>p1){p0 A <>—|p3/p1} 1=0
T | OA4{pi/po} AOC(—1) otherwise
E asin 6.17.

7.18 kt_-tip.n

Idea, hiding: As in 6.18.
Characteristics: 4 variables, modal depth 2n + 3. Partially in negation normal form.
kt_tip_n(n) := E(2n — 1) Vanf(=C(2n — 1)) V Opy

((OCpe — Op1) A (OOpe — OOCP:)
OA4{p1/po} AOC(i — 1) otherwise
FE asin 6.17.

8 Formulas for S4

8.1 s4_45_p

Idea: S4 F A5{0Opo/po} A OA5{=po/po} — A5.

Hiding: The left hand side occurs with 1 to n O, the right hand side occurs just with » O in front.
Additionally some superfluous instances, and the whole formula in negation normal form.

Characteristics: One variable, modal depth n + 3, in negation normal form.
84-45-p(n) :=nnf(V,_, (h(n,A5)V =h(i,D2) V =h(i, A5{O=po/po}) V —h(i,0A5) V =h(i, B)))
[ A i=0
h(i, A) = { Opo V Oh(i —1,A) V Op;  otherwise

8.2 s4_45.n

Idea: A5 is not provable in S4.
Hiding: As in 8.1.
Characteristics: One variable, modal depth n + 3, in negation normal form.
84-45-n(n) :=nnf(V,_, _, (A(n,(Opo VvV OO=po)) V =h(i, Ad) V =h(i, Ad{Cpo/po}) V —h(i, T)
V =h(i, A4{Opo = po/po}) V =h(i, T{Opo = po/po})))
h as in 8.1.
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8.3 s4_branch_p

Idea: The branching formula as described in [4], plus a negation symbol in front and the additional
subformula Opy, qiv 3)41 in order to make the formula provable.

Charateristics: 2n + 3 variables, modal depth 2.
s4-branch_p(n) := —(pioo A =p1o1 A O(bdepth(n) A det(n) A branching(n))) V ~Op(, aiv 3)+1
bdepth, det, branching as in 6.1.

8.4 s4_branch_n

Idea: The branching formula as defined in [4].

Characteristics: Every Kripke model that satisfies the pure branching formula must have an expo-
nential number of worlds (cp. [4]). 2n + 3 variables, modal depth 2.

84 _branch_n(n) := —(pioo A —pio1 A O(bdepth(n) A det(n) A branching(n)))
bdepth, det, branching as in 6.1.

8.5 s4.grzp

Idea: S4 F OGrz A Grz{C() A (A4{C()/po})/po — Grz1, where C is defined as below.

Hiding: Many superfluous instances with iterated O inside the instances. The subformulas ~O<pg
and =<O=(OOpg V p1) are the parts of a weakened instance of A4.

Characteristics: 4 (if n < 5) resp. 5 variables, modal depth 7 (if n < 14) resp. n + 14 div 4.
s4_grz_p(n) =

OGrz{p2/po} ANy 1(1(0)) A Grz{C() A (A4{C()/po})/po}
— Grz1{p1/po} V Grz1{p2/po} A =0OCpg V Grzi {ps/po} V Grzi{p2/po} A =O=(0OCpo V p1)

[,12, C asin 6.7.

8.6 s4.grzn

Idea: A5 is not provable in S4 plus instances of Grz;.
Hiding: Asin 6.7.
Characteristics: 3 (if n < 5) resp. 4 variables, modal depth 7 (if n < 14) resp. n + 14 div 4.

84 -grz-n(n) := OGrz1{p2/po} A N\iy 1 (1(i)) A Grzi {C() A A4{C()/po}/po}
— A5{p1/po} V A5{p>/po} V A5{ps/po}

Grz, {12 (i div 4)/po} imod4 =0
1) = Grz1{012(i div 4) V p1/po} imod4 =1
) Grzi{0Oi2(i div4) Vp1 Vp2/po} imod 4 =2
Grz1{0i2(i div 4) Vp1 V p2 V p3/po} otherwise
[2, C as in 6.7.

8.7 s4_ipc_p

Idea: We embed a formula that is provable in intuitionistic propositional logic in S4.
Characteristics: n variables, modal depth 3.

shipep(n) = Aoy, (F(i,n)) > false

fli,n) :=0@E@pi = A,y . (Op;)) — false)

.....
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8.8 s4_ipc_n

Idea: We embed a formula that is not provable in intuitionistic propositional logic in S4.
Characteristics: n variables, modal depth 3.
sq-pen(n) = N\;oy |, (f2(i,n)) — false

.« true t=(n+1)div2
f2(i,m) := { f(i,n) otherwise
f asin 8.7.

8.9 s4_md_p

Idea: In backward proof search, we have to find the way to g(n,n,—p;) through a lot of O and <.

Charateristics: One (if n = 1) resp. two variables, modal depth 0 (if n = 1) resp. n?> —n + 1.

s4-md_p(n) :=
D1
VVici,. o1 (90, =p1 AOF(L m,p2)) V g(i,m, =pr A OF (L, m,p1)) V g (i, m, =p2 A Of (1,n,p1)))
vV g(n,n, ~p1)

g as in 7.9.

f@i,n, A) := h(i — 1,0h(n — i, A))

[ A i=0
h(i, 4) = { Oh(i —1,A) Vp2 otherwise

8.10 s4_md_n

Idea: Similar to 8.9, but simpler. The subformula g(n,n,—p;) is missing in order to make the
formulas unprovable.

Charateristics: One (if n = 1) resp. two variables, modal depth 0 (if n = 1) resp. n?> —n + 1.
34 —md—n’(n) =pV Vi:l nfl(g(iz n,p1 A <>f(17 n)pl)))
f, g, h as in 8.9.

.....

8.11 s4_path_p

Idea, hiding: Asin 7.11.
Characteristics: 6n variables, modal depth n + 1.
84 _path_p(n) := (O0p11 V OOpP104 path_ei(1,») V O0p13 V OOpy5)
VVioi. mij=r,.. c(leftto_right(i, j,n) V right_to_left(i, j, n))
V O(Opiont2 V OPionta V OP1on4path _el(n,n) V O P10n+6)
path_el, left_to_right, right_to_left, delete, modg, lists2fml, lists2fml_back as in 7.11.

8.12 s4_path_n

Idea, hiding: Asin 7.12.
Characteristics: 6n variables, modal depth n + 2.
s4 _path_n(n) :=
(O0p11 V OOp1o4path_ei(1,n+1) V O0p13 V OOp15)
V'Vt mi1y=1.. elleft-toright(i, j,n + 1) V right to_left(i, j,n + 1))
V O (O p1oman)+2 V OP1o(nt1)+4 V O P10(n+1)+path_el((n+1),(n+1)) Y O P10(n+1)+6)
path_el, left_to_right, right_to_left, delete, modg, lists2fml, lists2fml_back as in 7.12.
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8.13 s4_ph_p

Idea: The pigeonhole formulas. We assume n < 100.

Hiding: Some O and <.

Characteristics: Essentially a CPC problem. O(n?) variables, modal depth 2.
s4_ph_p(n) = left(n) — Oright(n)
right(n) := Vj:l,...,n;i1:1,...,n+1;i2:i1+1 ..... g1 (O, 7) A l(i2, 5)))
left, | as in 6.13.

8.14 s4_ph_n

Idea: The pigeonhole formulas, with one missing conjunct on the right hand side. We assume
n < 100.

Hiding: Some O and <.

Characteristics: Essentially a CPC problem. O(n?) variables, modal depth 2.
s4_ph_n(n) := left(n) — Oright(n)
right(n) :==V,_y =1
left, I as in 6.13.

Bn,i,5) = { I1(,7)  otherwise

(O(IQ(na ilzj) A ZQ(TL, ZQ,])))

8.15 s4.85p

Idea: A formula that is provable in S5 embedded in S4.
Hiding: Some superfluous subformulas.
Characteristics: 3n variables, modal depth 3n.
$4-s5_p(n) := 00OV, 3, 5(Pi € piv1) V Opsn V f(1,3n — 1)) VO(Op1 — —pzn)

fi,n) = false i=n
T O(pi Apit1 YV opi Apiv) VOF(i+1,n)  otherwise

8.16 s4.85_n

Idea: A formula that is not provable in S5 embedded in S4.
Hiding: Some superfluous subformulas.
Characteristics: 6n variables, modal depth 6 — 4n.
s4-85_n(n) ;= 0C(Open V f(1,6n —5)) vV O(Op1 — —psn)
f as in 8.15.

8.17 s4_t4ip_p
Idea, hiding: Asin 6.17.

Characteristics: 4 variables, modal depth n + 4. Partially in negation normal form.
s4_t4p_p(n) := E(n) Vanf(~C(2n — 1)) V Opq

OG) = (O(¢3Cpo A po — Op1) AOOp1){po A O-ps/p1} i=0
| Dum{p:/po} AOC(i—1) otherwise

FE asin 6.17.
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8.18 s4_t4p_n

Idea, hiding: As in 6.18.
Characteristics: 4 variables, modal depth 2n + 3. Partially in negation normal form.
s4-t4p-n(n) := E(2n —1) Vonf(=C(4n — 1)) V Opy

i) = ((OCpo — Op1) AD(SGOOpg A po — Op1)){po A O-ps/p1} =0
| Dum{pi/po} AOC(—1) otherwise
E asin 6.17.

9 Benchmark results for the LWB

Prover: We used the Logics Workbench (LWB), version 1.0. See [5] or the LWB home page
http://lwbwww.unibe.ch:8080/LWBinfo.html for more information.

For all the logics the LWB uses backward proof search in two-sided sequent calculi. Use-check
(similar to [6]) helps to cut off superfluous branches. In the case of S4, a loop-check is used (see

[7)-

Programming language: C++ . Compiler: Sun C++ 4.0.1 . Operating system: Solaris 2.4 .

Availability: The binaries of the LWB 1.0 are available via the LWB home page (choose about
the LWB, install the LWB).

You can also use the LWB 1.0 via WWW. Choose run a session via WWW on the LWB home
page and type in your request.

Additional facilities of the prover:
e graphical user interface
e built-in programming language
e progress indicator: a slider shows how the proof search is going on

e various functions to convert formulas

Hardware: Sun SPARCstation 5, main memory: 80MB, 1 CPU (70 MHz microSPARC II)

Timing: The timing includes the parsing of the formulas and the construction of the corresponding
data structure. The files loaded by the LWB have the following form:

load(k);

timestart; provable(box p0 -> box box p0); timestop;

quit;

Results:

| class | npi || class | i | | class | npi || class | 1y |
k_branch_p 6 || k_branch_n 7 kt_45_p 5| kt_45.n 4
k_dj_p 8 || k-djf-n 6 kt_branch_p 5 || kt_branch_n 6
k_dum_p 13 || k-dum-n 19 kt_dum_p 5 || kt_dum_n 10
k_grz_p 7 || k_grz-m 13 kt_grz_p 6 || kt_grz_n > 20
k_lin_p 11 || klinn 8 kt-md_p 5 || kt-md-n 5
k_path_p 12 || k_path_-n 10 kt_path_p 10 || kt_path_n 9
k_ph_p 4 || k_ph_n 8 kt_ph_p 4 || kt_ph_n 8
k_poly_p 8 || k_poly_n 11 kt_poly_p 14 || kt_poly_n 2
k_t4p_p 8 || k-typ-n 7 kt_t4p_p 5 || kt_-t4p-n 7
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| class | npi || class | 1y |
S4-45_p 3 || s4-45-n 5
s4_branch_p 11 || s4-branch_n 7
S4-grz_p 9 || s4-grz_n > 20
S4_ipc_p 8 || s4-tpc_n 7
s4_md_p 8 || s4-md_n 6
s4_path_p 8 || s4-path_n 6
s4_ph_p 4 || s4{_ph_n 8
S4-85_p 4 || s4-s5_n 9
84-t4p-p 9 || s4-t4p-n 12

In order to make absolutely clear how we obtained the numbers in the tables above from the run
times, we give the run times for some of the formulas in the classes k_branch_p and k_branch_n.
k_branch_p(6) resp. k_branch_n(7) are the last formulas that could be decided in less than 100
seconds; therefore we enter the numbers 6 resp. 7 in the first line of the table for K.

t formula. run time

formula Eiunnséfoli ds) (in seconds)
k_branch_n(1) 0.02

k_branch_p(1) 0.02
k_branch_n(2) 0.05

k_branch_p(2) 0.06
k_branch_n(3) 0.15

k_branch_p(3) 0.28
k_branch_n(4) 0.51

k_branch_p(4) 1.80
k_branch_n(5) 2.17

k_branch_p(5) 11.89
k_branch_n(6) 9.69

k_branch_p(6) 74.64
Fbranch_p(7) 503.04 k_branch_n(7) 43.42
- =i : k_branch_n(8) 203.81

10 Availability of the formulas

You can get the first 15 formulas of each class as well as the LWB programs that generated these
formulas. Load the LWB home page http://lwbwww.unibe.ch:8080/LWBinfo.html in a WWW
browser and then choose the item benchmarks.

For each class of the three logics K, KT, S4 there is a compressed ASCII file (inside a tar file) that
contains the first 15 formulas. The files contain a header line, a line with the word begin , then
one formula on each line (with the corresponding number in front), and finally a line with the word
end . The formulas are written in infix notation. The connectives are ~ for —, & for A, v for Vv, ->
for —, <-> for «+. No brackets are omitted in the formulas in order to make the conversion into
other formats easier.

It can happen that for some classes you need more than 15 formulas. Then you have several
possibilities:

e Get the LWB procedures we used to generate the formulas, install the LWB, and generate the
required formulas.

e Write a procedure that generates the formulas in this class according to the definitions in the
sections 6, 7, 8. Please make sure that you generate the same formulas as we do by comparing
the first 15 formulas, or at least by comparing the values of appendix I.

e Get the LWB procedures and use the LWB via WWW (choose the item run a session on the
LWB home page). You have to replace the read statements in the files by the corresponding
files for this purpose. Use set ("bracketmode", "full"); to obtain all the brackets.
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11 Conclusion

We stated postulates for benchmark methods for proof search procedures. and presented a bench-
mark method for the propositional modal logics K, KT, S4 that satisfies these postulates.

Until now often just a few arbitrary — and often very easy — formulas were used to judge the
efficiency of such theorem provers. With our method it is now possible to compare these provers in
a standardized and fair way. Since we use but scalable formulas, the method will still be applicable
when there are much faster machines and more efficient proof search procedures.

Of course the postulates are not limited to benchmark tests for modal logic theorem provers, but
seem also reasonable for other non-classical logics.
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12 Appendix I: Formulas generated with the LWB

12.1 K

12.1.1 k_branchp

> for i := 1 to 6 do
print(i, ": ", length(k_branch_p(i)), ", ", modaldepth(k_branch_p(i)), ", ", vars(k_branch_p(i)));
142, 2, [p0, pi, p100, p10i, p102]
343, 3, [p0, pt, p2, pl00, pi0i, p102, p103]
633, 4, [po, pt, p2, p3, pl00, p10i, p102, p103, p104]
1012, 5, [p0, pi, p2, p3, p4, pi00, p10i, p102, p103, pi04, p105]
1480, 6, [pO, pl, p2, p3, p4, p5, p100, p101, p102, p103, p104, pl05, p106]
6: 2037, 7, [po, pil, p2, p3, p4, p5, p6, p100, p101, p102, pl103, p104, pi05, p106, p107]
> k_branch_p(1);
“(p100 & “p101 & ((p101 -> p100) & (p102 -> p101) & ((p100 -> (p0 -> box (p100 -> p0)) & ("p0 -> box (p100 -> "p0))) & (pi01 ->
(pt -> box (p101 —-> p1)) & (“pi -> box (p101 -> ~p1)))) & (p100 & ~p101 -> dia (p101 & ~p102 & pil) & dia (p101 & "p102 & ~“p1)) & box
((p1o1 -> p100) & (p102 -> p101) & ((p100 -> (p0 -> box (p100 -> p0)) & (“p0 -> box (p100 -> ~“p0))) & (p101 -> (pi -> box (p101 —>
p1)) & ("pt —> box (p101 -> ~“p1)))) & (p100 & ~p101 -> dia (p101 & ~p102 & pil) & dia (p101 & ~p102 & “p1))))) v ~box pi
> k_branch_p(2);
~(p100 & ~p101 & ((p101 -> p100) & (p102 -> p101) & (p103 -> p102) & ((p100 -> (pO -> box (p100 -> p0)) & (“p0O -> box (p100 ->
“p0))) & (p101 -> (p1 -> box (p101 -> p1)) & ("pi -> box (p101 -> ~p1))) & (p102 -> (p2 -> box (p102 -> p2)) & (“p2 -> box (p102 ->
“p2)))) & ((p100 & ~p101 -> dia (p101 & ~p102 & pi) & dia (p101 & ~p102 & “p1)) & (p101 & ~p102 -> dia (p102 & ~p103 & p2) & dia (p102
& “p103 & “p2))) & box ((p101 -> p100) & (p102 -> p101) & (p103 -> p102) & ((p100 -> (p0 -> box (p100 -> p0)) & (*p0 -> box (p100 ->
~p0))) & (p101 -> (p1 -> box (p101 -> p1)) & (“pi -> box (p101 -> “p1))) & (p102 -> (p2 -> box (p102 -> p2)) & (“p2 -> box (p102 ->
“p2)))) & ((p100 & ~p101 -> dia (p101 & ~p102 & pi) & dia (pi01 & ~p102 & ~p1)) & (pi01 & ~p102 -> dia (p102 & ~p103 & p2) & dia (p102
& “p103 & “p2)))) & box box ((p101 -> p100) & (p102 -> p101) & (p103 -> p102) & ((p100 -> (p0 -> box (p100 -> p0)) & (“pO -> box (p100
-> *p0))) & (p101 -> (p1 -> box (p101 -> p1)) & (“p1 -> box (p101 -> “p1))) & (p102 -> (p2 -> box (p102 -> p2)) & (*p2 -> box (p102
-> “p2)))) & ((p100 & ~p101 -> dia (p101 & ~p102 & pi) & dia (p101 & ~p102 & ~p1)) & (pi01 & ~p102 -> dia (p102 & ~p103 & p2) & dia
(p102 & “p103 & “p2)))))) v “box box pi

g W N R

12.1.2 k_branchn

> for i := 1 to 6 do
print(i, ": ", length(k_branch_n(i)), ", ", modaldepth(k_branch_n(i)), ", ", vars(k_branch_n(i)));
138, 2, [po, p1, p100, p101, p102]
338, 3, [po, pil, p2, p100, p101, p102, p103]
627, 4, [po, pil, p2, p3, pl00, p101, p102, p103, p104]
1005, 5, [po, pi, p2, p3, p4, p1i00, p10i, p102, p103, p1i04, p105]
1472, 6, [pO, pl, p2, p3, p4, p5, p100, pi101, p102, p103, p104, pl05, p106]
6: 2028, 7, [pO, pl, p2, p3, p4, p5, p6, p100, pi101, p102, p103, p104, pl105, p106, p107]
> k_branch_n(1);
“(p100 & “p101 & ((p101 -> p100) & (p102 -> p101) & ((p100 -> (pO -> box (p100 -> p0)) & ("p0 -> box (p100 -> "p0))) & (pi01 ->
(pt -> box (p101 —-> p1)) & ("pi -> box (p101 -> ~p1)))) & (p100 & ~p101 -> dia (p101 & ~p102 & pil) & dia (p101 & ~p102 & “p1l)) & box
((p1o1 -> p100) & (p102 -> p101) & ((p100 -> (p0 -> box (p100 -> p0)) & (“p0 -> box (p100 -> ~“p0))) & (p101 -> (pi -> box (p101 ->
p1)) & (“pt —-> box (p101 -> ~“p1)))) & (p100 & ~p101 -> dia (p101 & ~p102 & pil) & dia (p101 & ~p102 & ~“p1)))))
> k_branch_n(2);
~(p100 & ~p101 & ((p101 -> p100) & (p102 -> p101) & (p103 -> p102) & ((p100 -> (pO -> box (p100 -> p0)) & (“p0 -> box (p100 ->
“p0))) & (p101 -> (p1 -> box (p101 -> p1)) & ("pi -> box (p101 -> ~p1))) & (p102 -> (p2 -> box (p102 -> p2)) & (“p2 -> box (p102 ->
“p2)))) & ((p100 & ~p101 -> dia (p101 & ~p102 & p1) & dia (p101 & ~p102 & “p1)) & (p101 & ~p102 -> dia (p102 & ~p103 & p2) & dia (p102
& “p103 & "p2))) & box ((p10i -> p100) & (p102 -> p101) & (p103 -> p102) & ((p100 -> (p0 -> box (p100 -> p0)) & (“p0 -> box (p100 ->
“p0))) & (p101 -> (p1 -> box (p101 -> p1)) & ("pi -> box (p101 -> ~p1))) & (p102 -> (p2 -> box (p102 -> p2)) & (“p2 -> box (p102 ->
“p2)))) & ((p100 & ~p101 -> dia (p101 & ~p102 & p1l) & dia (p101 & ~p102 & “p1)) & (p101 & ~p102 -> dia (p102 & ~p103 & p2) & dia (p102
& “p103 & “p2)))) & box box ((p101 -> p100) & (p102 -> p101) & (p103 -> p102) & ((p100 -> (p0 -> box (p100 -> p0)) & (“p0 -> box (p100
-> *p0))) & (p101 -> (p1 -> box (p101 -> p1)) & (“p1 -> box (p101 -> “p1))) & (p102 -> (p2 -> box (p102 -> p2)) & (*p2 -> box (p102
-> *p2)))) & ((p100 & ~“p101 -> dia (p101 & “p102 & p1) & dia (p101 & ~p102 & ~p1)) & (p101 & “p102 -> dia (p102 & ~pl03 & p2) & dia
(p102 & ~p103 & “p2))))))

g W N R

12.1.3 k.d4p

> for i :=1 to 6 do

print(i, ": ", length(k_d4_p(i)), ", ", modaldepth(k_d4_p(i)), ", ", vars(k_d4_p(i)));

1: 46, 4, [po]

2: 100, 5, [po]
3: 161, 6, [po]
4: 229, 7, [po]
5: 304, 8, [po]
6: 386, 9, [po]

> k_d4_p(1);

box (dia “p0 v p0) v dia box false v dia (box p0 & dia dia “p0) v dia (box dia pO & dia dia box “p0) v dia (p0 & dia box ~p0) v
dia ("p0 & dia box p0)
> k_d4_p(2);

box box (dia “p0 v p0) v dia box false v dia (box pO & dia dia ~“p0) v dia (box dia p0 & dia dia box “p0) v dia (p0O & dia box ~p0)
v dia ("pO & dia box p0) v (box box (dia “p0 v p0) v dia dia box false v dia dia (box p0 & dia dia “p0) v dia dia (box dia pO & dia
dia box “p0) v dia dia (p0 & dia box “p0) v dia dia ("p0 & dia box p0))
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12.1.4 k. d4n

> for i :=1 to 6 do

print(i, ": ", length(k_d4_n(i)), ", ", modaldepth(k_d4_n(i)), ", ", vars(k_d4_n(i)));

1: 72, 4, [po]

2: 153, 5, [po]
3: 242, 6, [po]
4: 339, 7, [po]
5: 444, 8, [po]
6: 557, 9, [po]

> k_d4_n(1);

box (box pO v box dia “p0) v dia box false v dia (box pO & dia dia ~p0) v dia (box dia pO & dia dia box ~“p0) v dia (box pO & box
“p0) v dia (box (box “p0 v p0) & dia dia (dia pO & “p0)) v dia (box (dia “p0 v p0) & dia dia (box p0 & ~p0))
> k_d4_n(2);

box box (box p0 v box dia “p0) v dia box false v dia (box pO & dia dia ~“p0) v dia (box dia p0 & dia dia box “p0) v dia (box pO
& box “p0) v dia (box (box “p0 v p0) & dia dia (dia pO & “p0)) v dia (box (dia “pO v p0) & dia dia (box pO & “p0)) v (box box (box
pO v box dia “p0) v dia dia box false v dia dia (box pO & dia dia “p0) v dia dia (box dia p0 & dia dia box “p0) v dia dia (box pO &
box “p0) v dia dia (box (box “p0 v p0) & dia dia (dia pO & “p0)) v dia dia (box (dia “pO v p0O) & dia dia (box p0O & ~p0)))

12.1.5 k. dump

> for i :=1 to 6 do

print(i, ": ", length(k_dum_p(i)), ", ", modaldepth(k_dum_p(i)), ", ", vars(k_dum_p(i)));
1: 95, 5, [po]
2: 119, 5, [po]
3: 119, 5, [po]
4: 146, 6, [po]
5: 172, 7, [po]

6: 201, 7, [po]
> k_dum_p(1);
true & “box (box (box (p0 -> box p0) -> p0) -> dia box p0 -> box p0) -> dia ~((box (box (p0 -> box p0) -> p0) -> box box (box (pO
box p0) -> p0)) & box (box p0 -> box box p0) & (box (box (p0 -> box p0) -> p0) -> dia box p0 -> p0) & (box (box ((p0 -> box p0O)
box (p0 —-> box p0)) -> p0 -> box p0) -> dia box (p0 -> box p0) -> pO -> box p0)) v false
> k_dum_p(2);

box (box (box p0 -> box box p0) & (box (box (p0 -> box p0) -> p0) -> dia box p0 -> p0)) & ~box box (box (box (p0 -> box p0) ->
p0) -> dia box pO -> box p0) -> dia dia ~((box (box (p0 -> box p0) -> p0) -> box box (box (p0 -> box p0) -> p0)) & box (box p0 -> box
box p0) & (box (box (p0 -> box p0) -> p0) -> dia box p0 -> p0) & (box (box ((p0 -> box p0) -> box (p0 -> box p0)) -> pO -> box pO)
-> dia box (p0 -> box p0) -> p0 -> box p0)) v false

v

v

12.1.6 k_dumn

> for i :=1 to 6 do

print(i, ": ", length(k_dum_n(i)), ", ", modaldepth(k_dum_n(i)), ", ", vars(k_dum_n(i)));
1: 105, 6, [po]
2: 132, 7, [po]
3: 134, 8, [po]
4: 164, 9, [po]
5: 195, 10, [po]

6: 227, 11, [po]
> k_dum_n(1);

true & “box box (box (box (p0 -> box p0) -> p0) -> dia box pO -> p0) -> dia dia ~((box (box (p0 -> box p0) -> p0) -> box box (box
(p0 -> box p0) -> p0)) & box (box p0 -> box box p0) & (box (box (p0 -> box p0) -> p0) -> dia box p0 -> p0 v box p0) & (box (box ((pO
-> box p0) -> box (p0 -> box p0)) -> p0 -> box p0) -> dia box (p0 -> box p0) -> (p0 -> box p0) v box (p0 -> box p0))) v false
> k_dum_n(2);

box (box (box p0 -> box box p0) & (box (box (p0 -> box p0) -> p0) -> dia box p0 -> p0 v box p0)) & “box box box (box (box (p0 ->
box p0) -> p0) -> dia box p0 -> p0) -> dia dia dia ~((box (box (p0 -> box p0) -> p0) -> box box (box (p0 -> box p0) -> p0)) & box (box
PO -> box box p0) & (box (box (pO -> box p0) -> p0) -> dia box p0 -> pO v box p0) & (box (box ((p0 -> box p0) -> box (p0 -> box po))
-> p0 -> box p0) -> dia box (p0 -> box p0) -> (p0 -> box p0) v box (p0 -> box p0))) v false

12.1.7 k. grzp

> for i :=1 to 6 do

print(i, ": ", length(k_grz_p(i)), ", ", modaldepth(k_grz_p(i)), ", ", vars(k_grz_p(i)));
1: 160, 7, [p1, p2, p3l
2: 181, 7, [p1, p2, p3l
3: 212, 7, [p1, p2, p3]
4: 251, 7, [p1, p2, p3l
5: 298, 7, [pi, p2, p3, p4l
6: 357, 7, [p1l, p2, p3, p4l
> k_grz_p(1);
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box (box (box (p2 -> box p2) -> p2) -> p2) & true & (box (box ((box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) ->
box box (box (p2 -> box p2) -> p2)) -> box ((box (p2 -> box p2) —-> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box
p2) —> p2)))) -> (box (p2 -> box p2) —-> p2) & (box (box (p2 —-> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2))) -> (box (p2 ->
box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2))) —-> (box (box (pl -> box p1) -> p1) -> box
p1) v (box (box (p2 -> box p2) -> p2) -> box p2) v (box (box (p3 -> box p3) -> p3) -> box p3)
> k_grz_p(2);

box (box (box (p2 -> box p2) -> p2) -> p2) & (box (box (box false v pi -> box (box false v p1)) -> box false v pl) -> box false
v p1) & (box (box ((box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2)) -> box ((box
(p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2)))) -> (box (p2 -> box p2) -> p2) & (box
(box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2))) -> (box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2)
-> box box (box (p2 -> box p2) -> p2))) -> (box (box (pl -> box p1) -> p1) -> box pi) v (box (box (p2 -> box p2) -> p2) -> box p2)
v (box (box (p3 -> box p3) -> p3) -> box p3)

12.1.8 k. grzn

> for i :=1 to 6 do

print(i, ": ", length(k_grz_n(i)), ", ", modaldepth(k_grz_n(i)), ", ", vars(k_grz_n(i)));
1: 159, 7, [pi, p2, p3l
2: 181, 7, [pt, p2, p3l
3: 213, 7, [pt, p2, p3l
4: 283, 7, [pt, p2, p3l
5: 301, 7, [p1, p2, p3, p4l
6: 361, 7, [p1l, p2, p3, p4l
> k_grz_n(1);

box (box (box (p2 -> box p2) -> p2) -> box p2) & true & (box (box ((box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2)
-> box box (box (p2 -> box p2) -> p2)) -> box ((box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 ->
box p2) -> p2)))) -> (box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2))) -> box ((box
(p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2)))) -> (box (box (pl -> box pi) -> pi)
-> p1) v (box (box (p2 -> box p2) -> p2) -> p2) v (box (box (p3 -> box p3) -> p3) -> p3)
> k_grz_n(2);

box (box (box (p2 -> box p2) -> p2) -> box p2) & (box (box (box false v pl -> box (box false v pl)) -> box false v pl) -> box (box
false v p1)) & (box (box ((box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2)) -> box
((box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2)))) -> (box (p2 -> box p2) -> p2)
& (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2))) -> box ((box (p2 -> box p2) —-> p2) & (box (box (p2 -> box
p2) -> p2) —-> box box (box (p2 -> box p2) -> p2)))) -> (box (box (p1 -> box p1) -> p1) -> p1) v (box (box (p2 -> box p2) -> p2) ->
p2) v (box (box (p3 -> box p3) -> p3) -> p3)

12.1.9 k.linp

> for i := 1 to 6 do

print(i, ": ", length(k_lin_p(i)), ", ", modaldepth(k_lin_p(i)), ", ", vars(k_lin_p(i)));
1: 97, 3, [p1, p2]
2: 177, 3, [p1, p2, p3]
3: 255, 3, [p1, p2, p3, p4l
4: 335, 3, [p1, p2, p3, p4, p5]
5: 415, 3, [pt, p2, p3, p4, p5, p6l

6: 495, 3, [pt, p2, p3, p4, p5, p6, p7]
> k_lin_p(1);

false v (box (pl & box pl -> p1) v box (pl & box p1 -> p1)) v "(box ((pl & box p1l & p1 -> p2) v ("p1 -> “(box p2 & p2))) & box
(box (p1 & box pl & p1 -> p2) v (“p1t -> ~“(box p2 & p2))) & box ((pl & box pl & pl -> p2) v box (“pit -> ~(box p2 & p2))) -> box (pi
& box pl & pl -> p2) v box (“pt -> ~“(box p2 & p2)))
> k_lin_p(2);

false v (box (p2 & box p2 -> p2) v box (p2 & box p2 -> p2)) v (“(box ((p1 & box p1 & p1 -> p2) v ("p1 -> "(box p2 & p2))) & box
(box (p1 & box pl & pi -> p2) v (“p1 -> ~(box p2 & p2))) & box ((pl & box pl & pl -> p2) v box (“pi -> ~(box p2 & p2))) -> box (pi
& box pl & pl -> p2) v box (“pl -> ~(box p2 & p2))) v ~(box ((p2 & box p2 & p2 -> p3) v (p2 -> ~(box p3 & p3))) & box (box (p2 & box
P2 & p2 -> p3) v (*p2 -> ~(box p3 & p3))) & box ((p2 & box p2 & p2 -> p3) v box (“p2 -> ~(box p3 & p3))) -> box (p2 & box p2 & p2 ->
p3) v box (*p2 -> ~(box p3 & p3))))

12.1.10 k. 1linn

> for i :=1 to 6 do

print(i, ": ", length(k_lin_n(i)), ", ", modaldepth(k_lin_n(i)), ", ", vars(k_lin_n(i)));
1: 15, 2, [p1]
2: 149, 3, [p1, p2, p3, p4, p5l
3: 333, 3, [pi1, p2, p3, p4, p5, p6, p7, p8, pol
4: 517, 3, [p1, p2, p3, p4, p5, p6, p7, p8, p9, pl0, pii, pi2, p13]
5: 701, 3, [p1, p2, p3, p4, p5, p6, p7, p8, p9, pl0, pii, pi2, pi13, pi4, pi5, pi6, pi7]

6: 885, 3, [pl, p2, p3, p4, p5, p6, p7, p8, p9, p10, pii, pi2, pi3, pi4, pi5, pi6, pl7, pi8, p19, p20, p21]
> k_lin_n(1);

false v (box (box pl -> p1l) v box (box pl -> p1)) v false
> k_lin_n(2);

“(box (dia p1 & box dia pl -> p2) v box (p2 & box p2 -> dia p1)) v “(box ((pl -> box p2) & box (pl -> box p2) -> p2) v box (p2
& box p2 -> pl -> box p2)) v (“(box (dia p2 & box dia p2 -> p3) v box (p3 & box p3 -> dia p2)) v “(box ((p2 -> box p3) & box (p2 ->
box p3) -> p3) v box (p3 & box p3 -> p2 -> box p3))) v (box (box p2 -> p2) v box (box p2 -> p2)) v (“(box (dia p4 & box dia p4 -> p5)
v box (p5 & box p5 -> dia p4)) v “(box ((p4 -> box p5) & box (p4 -> box p5) -> p5) v box (p5 & box p5 -> p4 -> box pb)))
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12.1.11 k._pathp

> for i :=1 to 6 do
print(i, ": ", length(k_path_p(i)), ", ", modaldepth(k_path_p(i)), ", ", vars(k_path_p(i)));
51, 1, [p1, p2, p3, p4, p5, pél

156, 2, [p1, p2, p3, p4, p5, pél
324, 3, [p1, p2, p3, p4, p5, p6l
455, 4, [p1, p2, p3, p4, p5, pél
661, 5, [pl, p2, p3, p4, p5, p6l

6: 818, 6, [pl, p2, p3, p4, p5, p6l
> k_path_p(1);

box pl v box p2 v box p3 v box p5 v (false v false v (false v false) v (false v false) v (false v false) v (false v false) v (false
v false)) v (dia “p2 v dia “p4 v dia “p2 v dia “p6)
> k_path_p(2);

box pl v box p2 v box p3 v box p5 v (dia (“pl & box p1) v dia (“pl & box p3) v false v (dia ("p2 & box p5) v false) v (dia ("p3
& box pl) v dia (“p3 & box p3) v false) v (false v false) v (dia ("p5 & box pl) v dia ("p5 & box p3) v false) v (false v false) v (false
v false) v (false v (dia (“p4 & box p2) v dia ("p6 & box p2))) v (false v false) v (false v (dia (“p4 & box p4) v dia ("p6 & box p4)))
v (false v false) v (false v (dia (“p4 & box p6) v dia (“p6 & box p6)))) v (dia dia “p2 v dia dia “p4 v dia dia “p5 v dia dia ~p6)

gos W N R

12.1.12 k_pathn

> for i :=1 to 6 do
print(i, ": ", length(k_path_n(i)), ", ", modaldepth(k_path_n(i)), ", ", vars(k_path_n(i)));
151, 2, [p1, p2, p3, p4, p5, pél

319, 3, [pt, p2, p3, p4, p5, pél
447, 4, [p1, p2, p3, p4, p5, p6]
653, 5, [pt, p2, p3, p4, p5, p6l
811, 6, [pt, p2, p3, p4, p5, pél

6: 1055, 7, [p1, p2, p3, p4, p5, pél
> k_path_n(1);

box pl v box p2 v box p3 v box p5 v (dia (“pl & box p1) v dia ("pl & box p3) v false v (false v false) v (dia ("p3 & box p1) v
dia ("p3 & box p3) v false) v (false v false) v (dia ("p5 & box pl) v dia ("p5 & box p3) v false) v (false v false) v (false v false)
v (false v (dia (“p4 & box p2) v dia ("p6 & box p2))) v (false v false) v (false v (dia ("p4 & box p4) v dia ("p6 & box p4))) v (false
v false) v (false v (dia ("p4 & box p6) v dia ("p6 & box p6)))) v (dia dia "p2 v dia dia “p4 v dia dia “p5 v dia dia “p6)
> k_path_n(2);

box pl v box p2 v box p3 v box p5 v (dia (“pl & box p1) v dia (“pl & box p3) v false v (false v false) v (dia ("p3 & box p1) v
dia ("p3 & box p3) v false) v (false v false) v (dia ("p5 & box pl) v dia ("p5 & box p3) v false) v (false v false) v (dia dia (“pi
& box pl) v dia dia ("pl & box p3) v dia dia (“pl & box p5) v false) v (false v (dia ("p4 & box p2) v dia (“p6 & box p2))) v (dia dia
("p3 & box pl) v dia dia ("p3 & box p3) v dia dia (“p3 & box p5) v false) v (false v (dia (“p4 & box p4) v dia ("p6 & box p4))) v (dia
dia ("p5 & box pl) v dia dia ("p5 & box p3) v dia dia ("p5 & box p2) v dia dia ("p5 & box p5) v false) v (false v (dia ("p4 & box p6)
v dia ("p6 & box p6))) v (false v false) v (false v (dia dia ("p2 & box p2) v dia dia ("p4 & box p2) v dia dia ("p6 & box p2))) v (false
v false) v (false v (dia dia ("p2 & box p4) v dia dia ("p4 & box p4) v dia dia ("p6 & box p4))) v (false v false) v (false v (dia dia
("p2 & box p6) v dia dia ("p4 & box p6) v dia dia ("p6 & box p6)))) v (dia dia dia “p2 v dia dia dia "p4 v dia dia dia “p2 v dia dia
dia “p6)

gos W N R

12.1.13 kphp

> for i := 1 to 6 do
print(i, ": ", length(k_ph_p(i)), ", ", modaldepth(k_ph_p(i)), ", ", vars(k_ph_p(i)));

1: 9, 1, [p1o1, p201]

2: 40, 2, [pioi, p102, p201, p202, p301, p302]

3: 109, 2, [p101, p102, pi103, p201, p202, p203, p30i, p302, p303, pd0i, p402, p4d03]

4: 231, 2, [pi01, p102, p103, pi04, p201, p202, p203, p204, p301, p302, p303, p304, p401, p402, p403, p404, p501, p502, p503,
p504]

5: 421, 2, [pi01, pl02, p103, pi04, p105, p201, p202, p203, p204, p205, p301, p302, p303, p304, p305, pddl, p402, pa03, p4o4,
p405, p501, p502, p503, p504, p505, pe01, p602, pe03, p604, p605]

6: 694, 2, [pi01, pl02, p103, pi04, p105, pl06, p201, p202, p203, p204, p205, p206, p30i, p302, p303, p304, p305, p306, p40i
p402, p403, p40d4, p405, pd06, p501, p502, p503, p504, p505, p506, p6O1, p602, p603, p604, p6O5, p606, p701, p702, p703, p704, p705,
p706]
> k_ph_p(1);

dia (p101 & p201) -> dia (p101 & p201)
> k_ph_p(2);

dia ((p101 v box p102) & (p201 v p202) & (p301 v p302)) -> dia (p101 & p201 v p101 & p301 v p201 & p301 v box p102 & p202 v box
pl02 & p302 v p202 & p302)

12.1.14 kphn

> for i :=1 to 6 do
print(i, ": ", length(k_ph_n(i)), ", ", modaldepth(k_ph_n(i)), ", ", vars(k_ph_n(i)));
1: 10, 1, [pi0o1, p201]
2: 42, 2, [pioi, p102, p201, p202, p301, p302]
3: 112, 2, [p101, p102, p103, p201, p202, p203, p301, p302, p303, pd0dl, pa02, pa03]
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4: 235, 2, [pi0i, p102, p103, p104, p201, p202, p203, p204, p301, p302, p303, p304, p40l, p402, p403, p404, p501, p502, p503,
p504]

5: 426, 2, [p101, p102, p103, pi04, p105, p201, p202, p203, p204, p205, p301i, p302, p303, p304, p305, p40i, p402, p403, pao4,
p405, p501, p502, p503, p504, p505, pe01, p602, p603, p604, p605]

6: 700, 2, [p101, p102, p103, pi04, p105, p106, p201, p202, p203, p204, p205, p206, p30i, p302, p303, p304, p305, p306, p4ol
p402, p403, p404, p405, pd06, p501, p502, p503, p504, p5O5, p506, p601l, pe02, p603, p604, p605, p606, p701, p702, p703, p704, pTO5,
p706]

> k_ph_n(1);
dia (p101 & p201) -> dia ("p101 & p201)
> k_ph_n(2);

dia ((p101 v box p102) & (p201 v p202) & (p301 v p302)) -> dia (p101 & p201 v p101 & p301 v p201 & p301 v box pi02 & “p202 v box
p102 & p302 v “p202 & p302)

12.1.15 k_poly_p

> for i :=1 to 6 do
print(i, ": ", length(k_poly_p(i)), ", ", modaldepth(k_poly_p(i)), ", ", vars(k_poly_p(i)));
59, 4, [pt, p2, p3, p4, p5, p6, p8l
141, 8, [p1, p2, p3, p4, pP5, P6, p7, p8, p9, pi0, p12, pi4, pi6]
188, 10, [p1, p2, p3, p4, p5, p6, p7, p8, p9, pl0, pil, pl12, pl4, p16, pi8, p20]
294, 14, [p1, p2, p3, p4, p5, p6, p7, p8, p9, pl0, pii, pi2, pi3, pi4, pi5, pi6, pi8, p20, p22, p24, p26, p28]
353, 16, [p1, p2, p3, p4, p5, p6, p7, p8, p9, pl0, pii, pi2, pi3, pi4, pi5, pi6, pi7, pi8, p20, p22, p24, p26, p28, p30, p32]
: 483, 20, [p1, p2, p3, p4, p5, p6, p7, p8, p9, p10, pii, pi2, pi3, pi4, pib, pi6é, pi7, pls, pl9, p20, p21, p22, p24, p26, p28,
p30, p32, p34, p36, p38, pao]
> k_poly_p(1);
box box box box (pl & p2 & p3 & p4) v (dia (dia (dia (false v dia (pl <-> p2)) v box p3 v dia dia (p2 <-> p3)) v box p4 v dia dia
dia (p3 <-> p1)) v box p5) v box box box box ("p2 & “p4 & “p6 & ~p8)
> k_poly_p(2);
box box box box box box box box (pl & p2 & p3 & p4 & p5 & p6 & p7 & p8) v (dia (dia (dia (dia (dia (dia (dia (false v dia (p1 <->
p2)) v box p3 v dia dia (p2 <-> p3)) v box p4 v dia dia dia (p3 <-> p4)) v box p5 v dia dia dia dia (p4 <-> p5)) v box p6 v dia dia
dia dia dia (p5 <-> p8)) v box p7 v dia dia dia dia dia dia (p6 <-> p7)) v box p8 v dia dia dia dia dia dia dia (p7 <-> p1)) v box
P9) v box box box box box box box box ("p2 & "p4 & "p6 & “p8 & “pl0 & “pl2 & "pl4 & ~p16)
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12.1.16 k_polyn

> for i :=1 to 6 do
print(i, ": ", length(k_poly_n(i)), ", ", modaldepth(k_poly_n(i)), ", ", vars(k_poly_n(i)));

1: 78, 5, [pi, p2, p3, p4, p5, p6, p8, piol

2: 119, 7, [p1, p2, p3, p4, p5, p6, p7, p8, pl0, pi2, pi4l

3: 213, 11, [p1, p2, p3, p4, p5, p6, p7, p8, p9, pi0, pil, pl2, pi4, pi6, pi8, p20, p22]

4: 266, 13, [p1, p2, p3, p4, p5, p6, p7, p8, p9, p1l0, pii, pi12, pi3, pl4, pi6, pi8, p20, p22, p24, p26]

5: 384, 17, [pi1, p2, p3, p4, p5, p6, p7, p8, p9, pl0, pil, pi2, pi3, pl4, pi5, pi6, pi7, pi8, p20, p22, p24, p26, p28, p30, p32,
p34]

6: 449, 19, [pi, p2, p3, p4, p5, p6, p7, p8, p9, p10, pil, pi2, pi3, pi4, pi5, pi6, pi7, pi8, p19, p20, p22, p24, p26, p28, p30,
p32, p34, p36, p38]
> k_poly_n(1);

box box box box box (pl & p2 & p3 & p4 & p5) v (dia (dia (dia (dia (false v dia (pl <-> p2)) v box p3 v dia dia (p2 <-> p3)) v
box p4 v dia dia dia (p3 <-> p4)) v box p5 v dia dia dia dia (p4 <-> p1)) v box p6) v box box box box box ("p2 & “p4 & “p6 & "p8 &
~p10)
> k_poly_n(2);

box box box box box box box (pl & p2 & p3 & p4 & p5 & p6 & p7) v (dia (dia (dia (dia (dia (dia (false v dia (p1 <-> p2)) v box
p3 v dia dia (p2 <-> p3)) v box p4 v dia dia dia (p3 <-> p4)) v box p5 v dia dia dia dia (p4 <-> p5)) v box p6 v dia dia dia dia dia
(p5 <-> p6)) v box p7 v dia dia dia dia dia dia (p6 <-> p1)) v box p8) v box box box box box box box (“p2 & “p4 & "p6 & “p8 & ~plo0
& “pl2 & “pl4)

12.1.17 k_t4pp

> for i := 1 to 6 do
print(i, ": ", length(k_t4p_p(i)), ", ", modaldepth(k_t4p_p(i)), ", ", vars(k_t4p_p(i)));
110, 6, [po, p1, p3, p4l
153, 7, [p0, pi, p3, p4l
196, 8, [p0, p1, p3, p4l
239, 9, [po, pt, p3, p4l
282, 10, [po, pt, p3, p4l
: 325, 11, [p0, pi, p3, p4l
> k_td4p_p(1);
dia “(box "pl -> box box ~pl) v box dia box p0 v box (“box pl -> box ~“box p1) v (dia (box pl & dia dia ~p1) v dia (box dia pO &
box ("p0 v box p3) v dia (box dia box ("p0 v box p3) & box dia p0) v box dia p0 & dia dia box ("p0 v box p3) v dia (dia box dia pO
& p0 & dia ("p0 v box p3)) v dia box ("p0 v box p3)) v dia (box dia pl & dia dia box “p1)) v dia p4
> k_tdp_p(2);
dia ~(box “pl -> box box “p1) v box (dia ~(box “pl -> box box ~p1) v box dia box p0 v box (“box pl -> box “box p1)) v box (~box
pl -> box “box p1) v (dia (box pl & dia dia “p1) v dia (dia (box pl & dia dia “p1) v dia (box dia p0 & box (“p0 v box p3) v dia (box
dia box (“p0 v box p3) & box dia p0) v box dia p0 & dia dia box (“p0 v box p3) v dia (dia box dia p0 & p0 & dia ("p0 v box p3)) v dia
box (“p0 v box p3)) v dia (box dia pl & dia dia box “p1)) v dia (box dia pl & dia dia box ~“pl)) v dia p4
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12.1.18 k_t4pn

> for i := 1 to 6 do
print(i, ": ", length(k_t4p_n(i)), ", ", modaldepth(k_t4p_n(i)), ", ", vars(k_t4p_n(i)));
102, 6, [po0, pi, p3, p4l
188, 8, [p0, pi, p3, p4l
274, 10, [po, pi1, p3, p4l
360, 12, [po0, pi, p3, p4l
446, 14, [p0, pi, p3, pal
: 532, 16, [p0, pl, p3, p4l
> k_t4p_n(1);
dia “(box "pl -> box box ~pl) v box dia box p0 v box (“box pl -> box ~“box p1) v (dia (box pl & dia dia ~p1) v dia (box dia pO &
box ("p0 v box p3) v dia (box dia box (“p0 v box p3) & box dia p0) v box dia p0 & dia dia box ("p0 v box p3) v dia (dia box dia pO
& pO & dia ("p0 v box p3))) v dia (box dia pl & dia dia box ~“pl)) v dia p4
> k_t4p_n(2);
dia “(box "pl -> box box “p1) v box (dia ~(box “pl -> box box “pl) v box (dia ~(box “pl -> box box ~pl) v box dia box p0 v box
(“box pl -> box “box p1)) v box (“box pl -> box ~box p1)) v box (box pl -> box ~box p1) v (dia (box pl & dia dia ~p1) v dia (dia (box
pl & dia dia “p1) v dia (dia (box pl & dia dia “p1) v dia (box dia p0 & box (“p0 v box p3) v dia (box dia box (“p0 v box p3) & box
dia p0) v box dia pO & dia dia box ("p0 v box p3) v dia (dia box dia pO & pO & dia (“pO v box p3))) v dia (box dia pl & dia dia box
“p1)) v dia (box dia pl & dia dia box “p1)) v dia (box dia pl & dia dia box “p1)) v dia p4

o T oA W N e

12.2 KT

12.2.1 kt_45p

> for i :=1 to 6 do

print(i, ": ", length(kt_45_p(i)), ", ", modaldepth(kt_45_p(i)), ", ", vars(kt_45_p(i)));
1: 41, 4, [po]
2: 89, 5, [po]
3: 143, 6, [po]
4: 203, 7, [po]
5: 269, 8, [po]
6: 341, 9, [po]

> kt_45_p(1);

box (dia “p0 v box box p0) v dia box false v dia (dia box pO & dia box dia "p0) v dia dia (dia “p0 & dia box p0) v dia (p0 & dia
box ~p0)
> kt_45_p(2);

box box (dia "p0 v box box p0) v dia box false v dia (dia box pO & dia box dia “p0) v dia dia (dia "p0 & dia box p0) v dia (pO
& dia box "p0) v (box box (dia ~p0O v box box p0) v dia dia box false v dia dia (dia box p0 & dia box dia ~p0) v dia dia dia (dia ~pO
& dia box p0) v dia dia (p0 & dia box ~p0))

12.2.2 kt 45n

> for i := 1 to 6 do

print(i, ": ", length(kt_45_n(i)), ", ", modaldepth(kt_45_n(i)), ", ", vars(kt_45_n(i)));
1: 67, 4, [po]
2: 142, 5, [po]
3: 224, 6, [po]
4: 313, 7, [po]
5: 409, 8, [po]
6: 512, 9, [po]

> kt_45_n(1);

box (box p0 v box dia "p0) v dia (box pO & dia dia "p0) v dia (box dia p0 & dia dia box ~p0) v dia (box p0 & ~p0) v dia (box (box
“p0 v p0) & dia dia (dia p0 & "p0)) v dia (box (dia "p0 v p0) & dia dia (box p0 & ~p0))
> kt_45_n(2);

box box (box pO v box dia ~“p0) v dia (box pO & dia dia ~p0) v dia (box dia pO & dia dia box ~p0) v dia (box pO & ~p0) v dia (box
(box "p0 v p0) & dia dia (dia pO & “p0)) v dia (box (dia “pO v p0O) & dia dia (box p0 & “p0)) v (box box (box p0O v box dia “p0) v dia
dia (box p0O & dia dia ~“p0) v dia dia (box dia pO & dia dia box “p0) v dia dia (box pO & "p0) v dia dia (box (box "p0 v p0) & dia dia
(dia p0 & "p0)) v dia dia (box (dia "pO v p0) & dia dia (box p0 & ~p0)))

12.2.3 kt_branch.p

> for i := 1 to 6 do
print(i, ": ", length(kt_branch_p(i)), ", ", modaldepth(kt_branch_p(i)), ", ", vars(kt_branch_p(i)));

1: 76, 2, [po, pi, pl00, pi01, p102]

2: 122, 3, [p0, pi, p2, pl00, pi0i, p102, p103]

3: 168, 4, [p0, pl, p2, p3, pl00, pi01, pi02, p103, pl04]

4: 214, 5, [pO, pl, p2, p3, p4, pl00, p101, p102, p103, p104, p105]

5: 260, 6, [pO, pl, p2, p3, p4, p5, p100, p101, p102, p103, p104, pl05, p106]

6: 306, 7, [pO, pl, p2, p3, p4, p5, p6, p100, pi101, p102, p103, p104, pl105, p106, p107]

> kt_branch_p(1);
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~(p100 & ~p101 & box ((p101 -> p100) & (p102 -> p101) & ((p100 -> (pO0 -> box (p100 -> p0)) & (“p0 -> box (p100 -> ~p0))) & (p10i
-> (pt -> box (p101 -> p1)) & (“p1 -> box (p101 -> “p1)))) & (pl00 & ~p101 -> dia (p101 & ~p102 & p1) & dia (p101 & ~p102 & ~p1))))
v “box pil
> kt_branch_p(2);

~(p100 & ~p101 & box box ((p101 -> p100) & (p102 -> p101) & (p103 -> p102) & ((p100 -> (p0 —-> box (p100 -> p0)) & (“p0 -> box (p100
-> "p0))) & (p101 -> (p1 -> box (p101 -> p1)) & ("pl -> box (p101 -> “p1))) & (p102 -> (p2 -> box (p102 -> p2)) & ("p2 -> box (p102
-> "p2)))) & ((p100 & ~“p101 -> dia (p101 & ~“p102 & pl) & dia (p101 & “p102 & ~p1)) & (p101 & ~p102 -> dia (p102 & ~p103 & p2) & dia
(p102 & “p103 & ~p2))))) v “box box pil

12.2.4 kt_branchn

> for i := 1 to 6 do
print(i, ": ", length(kt_branch_n(i)), ", ", modaldepth(kt_branch_n(i)), ", ", vars(kt_branch_n(i)));
72, 2, [p0, pi, p100, p10i, p102]
117, 3, [p0, pi, p2, p100, p101, p102, p103]
162, 4, [po, p1, p2, p3, pl00, p101, p102, p103, p104]
207, 5, [p0, pt, p2, p3, p4, plo0, pi0ot, p102, p103, pi04, p105]
252, 6, [pO, pl, p2, p3, p4, p5, p100, p101, p102, p103, p104, pl05, p106]
: 297, 7, [po, pi, p2, p3, p4, p5, p6, pl00, pi01, p102, p103, pi04, pl05, p106, p107]
> kt_branch_n(1);
“(p100 & ~“p101 & box ((p101 -> p100) & (p102 -> p101) & ((p100 -> (pO -> box (p100 -> p0)) & (“p0 -> box (p100 -> ~p0))) & (p101
-> (p1 -> box (p101 -> p1)) & (“pi -> box (p101 -> “p1)))) & (p100 & ~p101 -> dia (p101 & ~p102 & p1) & dia (p101 & ~p102 & ~p1))))
> kt_branch_n(2);
~(p100 & ~p101 & box box ((p101 -> p100) & (p102 -> p101) & (p103 -> p102) & ((p100 -> (p0 —-> box (p100 -> p0)) & (“p0 -> box (p100
-> "p0))) & (p101 -> (p1 -> box (p101 -> p1)) & ("pl -> box (p101 -> “p1))) & (p102 -> (p2 -> box (p102 -> p2)) & ("p2 -> box (p102

-> "p2)))) & ((p100 & ~“p101 -> dia (p101 & ~“p102 & pl) & dia (p101 & “p102 & ~p1)) & (p101 & ~p102 -> dia (p102 & ~p103 & p2) & dia
(p102 & ~p103 & ~p2)))))

o R W N R

12.2.5 kt_dump

> for i := 1 to 6 do

print(i, ": ", length(kt_dum_p(i)), ", ", modaldepth(kt_dum_p(i)), ", ", vars(kt_dum_p(i)));
1: 95, 5, [po]
2: 103, 5, [po]
3: 103, 5, [po]
4: 114, 6, [po]
5: 124, 7, [po]
6: 137, 7, [po]

> kt_dum_p(1);
true & “box (box (box (pO -> box p0) -> p0) —> dia box pO -> box p0) -> dia ~((box (box (pO -> box p0) -> p0) -> box box (box (p0
box p0) -> p0)) & box (box pO -> box box p0) & (box (box (pO -> box p0) -> p0) -> dia box p0 -> p0) & (box (box ((pO -> box pO)
box (p0 -> box p0)) -> pO -> box p0) -> dia box (p0 -> box p0) -> p0 -> box p0)) v false
> kt_dum_p(2);

box (box p0 -> box box p0) & ~box box (box (box (p0 -> box p0) -> p0) -> dia box p0 -> box p0) -> dia dia ~((box (box (p0 -> box
p0) -> p0) -> box box (box (p0 -> box p0) -> p0)) & box (box p0 -> box box p0) & (box (box (p0 -> box p0) -> p0) -> dia box p0 -> p0)
& (box (box ((p0 -> box p0) -> box (p0 -> box p0)) —-> p0 -> box p0) -> dia box (p0 -> box p0) -> p0 -> box p0)) v false

v

v

12.2.6 kt_dumn

> for i := 1 to 6 do

print(i, ": ", length(kt_dum_n(i)), ", ", modaldepth(kt_dum_n(i)), ", ", vars(kt_dum_n(i)));
1: 90, 5, [po]
2: 114, 6, [po]
3: 114, 6, [po]
4: 141, 7, [po]
5: 167, 7, [po]
6: 196, 8, [po]

> kt_dum_n(1);

true & “box (box (box (p0 -> box p0) -> p0) -> p0) -> dia ~((box (box (p0 -> box p0) -> p0) -> box box (box (p0 -> box p0) -> p0))
& box (box p0 -> box box p0) & (box (box (p0 -> box p0) -> p0) -> dia box p0 -> p0) & (box (box ((p0 -> box p0) -> box (p0 -> box p0))
-> pO -> box p0) -> dia box (p0 -> box p0) -> p0 -> box p0)) v false
> kt_dum_n(2);

box (box (box pO -> box box p0) & (box (box (p0 -> box p0) -> p0) -> dia box p0 -> p0)) & “box box (box (box (p0 -> box p0) ->
p0) -> p0) -> dia dia ~((box (box (p0 -> box p0) -> p0) -> box box (box (p0 -> box p0) -> p0)) & box (box p0 -> box box p0) & (box
(box (p0 -> box p0) -> p0) -> dia box p0 -> p0) & (box (box ((p0 -> box p0) -> box (p0 -> box p0)) -> p0 -> box p0) -> dia box (p0O
-> box p0) -> p0 —-> box p0)) v false
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12.2.7 kt grzp

> for i := 1 to 6 do
print(i, ": ", length(kt_grz_p(i)), ", ", modaldepth(kt_grz_p(i)), ", ", vars(kt_grz_p(i)));

1: 180, 7, [p0, pi, p2, p3]
2: 201, 7, [po, pi, p2, p3l
3: 232, 7, [po, pi, p2, p3]
4: 271, 7, [po, p1, p2, p3]
5: 318, 7, [po, p1, p2, p3, p4l
6: 377, 7, [po, pi, p2, p3, p4l

> kt_grz_p(1);

box (box (box (p2 -> box p2) -> p2) -> p2) & true & (box (box ((box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) ->
box box (box (p2 -> box p2) -> p2)) -> box ((box (p2 -> box p2) —-> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box
p2) —> p2)))) -> (box (p2 -> box p2) —-> p2) & (box (box (p2 —-> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2))) -> (box (p2 ->
box p2) —-> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2))) -> (box (box (pl -> box p1) -> pl) -> box
p1) v (box (box (p2 -> box p2) -> p2) -> box p2) & dia box “p0 v (box (box (p3 -> box p3) -> p3) -> box p3) v (box (box (p2 -> box
p2) -> p2) -> box p2) & dia pO
> kt_grz_p(2);

box (box (box (p2 -> box p2) -> p2) -> p2) & (box (box (box false v pi -> box (box false v p1)) -> box false v pl) -> box false
v p1) & (box (box ((box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2)) -> box ((box
(p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2)))) -> (box (p2 -> box p2) -> p2) & (box
(box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2))) -> (box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2)
-> box box (box (p2 -> box p2) -> p2))) -> (box (box (pl -> box p1) -> p1) -> box pi) v (box (box (p2 -> box p2) -> p2) -> box p2)
& dia box “p0 v (box (box (p3 -> box p3) -> p3) -> box p3) v (box (box (p2 -> box p2) -> p2) -> box p2) & dia pO

12.2.8 kt_grzn

> for i := 1 to 6 do

print(i, ": ", length(kt_grz_n(i)), ", ", modaldepth(kt_grz_n(i)), ", ", vars(kt_grz_n(i)));
1: 153, 7, [p1, p2, p3]
2: 175, 7, [p1, p2, p3]
3: 207, 7, [p1, p2, p3]
4: 247, 7, [p1, p2, p3l
5: 295, 7, [p1, p2, p3, p4l
6: 355, 7, [p1l, p2, p3, p4l

> kt_grz_n(1);

box (box (box (p2 -> box p2) -> p2) -> box p2) & true & (box (box ((box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2)
-> box box (box (p2 —-> box p2) -> p2)) -> box ((box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 —>
box p2) -> p2)))) -> (box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2))) -> box ((box
(p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2)))) -> (“box pl -> box “box p1l) v (“box
p2 -> box “box p2) v (“box p3 -> box “box p3)
> kt_grz_n(2);

box (box (box (p2 -> box p2) -> p2) -> box p2) & (box (box (box false v pl -> box (box false v pl)) -> box false v pi) -> box (box
false v p1)) & (box (box ((box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2)) -> box
((box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2)))) -> (box (p2 -> box p2) -> p2)
& (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2))) -> box ((box (p2 -> box p2) -> p2) & (box (box (p2 -> box
p2) -> p2) -> box box (box (p2 -> box p2) -> p2)))) -> (“box pil -> box “box p1) v (“box p2 -> box ~box p2) v (“box p3 -> box ~box p3)

12.2.9 ktmdp

> for i :=1 to 6 do
print(i, ": ", length(kt_md_p(i)), ", ", modaldepth(kt_md_p(i)), ", ", vars(kt_md_p(i)));
6, 0, [p1l
30, 3, [pi, p2]
73, 7, [p1, p2]
142, 13, [p1, p2]
246, 21, [p1, p2]
¢ 394, 31, [p1, p2]
> kt_md_p(1);
pl v false v “pil
> kt_md_p(2);
pl v ("pl & dia box dia p2 v “pl & dia box dia pl v "p2 & dia box dia pl) v dia box “pi

@D TR W N e

12.2.10 kt_mdn

> for i :=1 to 6 do
print(i, ": ", length(kt_md_n(i)), ", ", modaldepth(kt_md_n(i)), ", ", vars(kt_md_n(i)));
3, 0, [p1l
9, 3, [pil
22, 7, [pil
43, 13, [pil
75, 21, [pil
: 121, 31, [pt]
> kt_md_n(1);
pl v false
> kt_md_n(2);
pl v “pl & dia box dia pil

o U R W N
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12.2.11 kt_pathp

> for i :=1 to 6 do
print(i, ": ", length(kt_path_p(i)), ", ", modaldepth(kt_path_p(i)), ", ", vars(kt_path_p(i)));

1: 51, 1, [pi1, pi12, pi3, pl4, pi5, pi6l

2: 156, 2, [pi1, pi2, p13, pi4, pi5, pl16, p21, p22, p23, p24, p25, p26]

3: 324, 3, [pii1, pi2, pi3, pi4, pi5, pi6, p21, p22, p23, p24, p25, p26, p31, p32, p33, p34, p35, p36]

4: 4b5, 4, [pi11, pi2, pi3, pl4, pi5, pi16, p21, p22, p23, p24, p25, p26, p31l, p32, p33, p34, p35, p36, p4l, p42, p43, p44, p45,
p46]

5: 661, 5, [pi1, pi2, pi3, pl4, pi5, pi6, p21, p22, p23, p24, p25, p26, p31, p32, p33, p34, p35, p36, p4l, pd2, pd3, pi4, pd5,

p46, p51, p52, p53, p54, p55, p56]

6: 818, 6, [pll, pi2, pi13, pi4, pi5, pil6, p21, p22, p23, p24, p25, p26, p31, p32, p33, p34, p35, p36, p4l, p42, p43, p44, p45,
p46, p51, p52, pb3, p54, p55, pb6, p6l, p62, p63, p64, p65, p66]
> kt_path_p(1);

box pil v box p12 v box p13 v box pi5 v (false v false v (false v false) v (false v false) v (false v false) v (false v false)
v (false v false)) v (dia “p12 v dia “p14 v dia “p12 v dia ~pi6)
> kt_path_p(2);

box pil v box p12 v box p13 v box pi5 v (dia (“pi1 & box p21) v dia (“pil & box p23) v false v (dia ("p12 & box p25) v false) v
(dia ("p13 & box p21) v dia ("p13 & box p23) v false) v (false v false) v (dia ("p15 & box p21) v dia ("pi5 & box p23) v false) v (false
v false) v (false v false) v (false v (dia (“p14 & box p22) v dia (“p16 & box p22))) v (false v false) v (false v (dia ("p14 & box
p24) v dia (“p16 & box p24))) v (false v false) v (false v (dia ("pl4 & box p26) v dia (“p16 & box p26)))) v (dia dia “p22 v dia dia
“p24 v dia dia “p25 v dia dia ~"p26)

12.2,12 kt_pathn

> for i :=1 to 6 do
print(i, ": ", length(kt_path_n(i)), ", ", modaldepth(kt_path_n(i)), ", ", vars(kt_path_n(i)));

i: 151, 2, [pii, pi12, pi3, pi4, pi5, pi6, p21, p22, p23, p24, p25, p26]

2: 319, 3, [pll, pi2, pi13, pi4, pi5, pi6, p21, p22, p23, p24, p25, p26, p31, p32, p33, p34, p35, p36]

3: 447, 4, [pi1, pi2, p13, pi4, pi5, pi6, p2i, p22, p23, p24, p25, p26, p31, p32, p33, p34, p35, p36, pal, pd2, p43, pa4, pd5,
pasl

4: 653, 5, [pll, pi2, pi13, pi4, pi5, plé, p21, p22, p23, p24, p25, p26, p31, p32, p33, p34, p35, p36, p4l, p42, p43, p44, p45,
p46, p51, p52, p53, p54, p55, p56]

5: 811, 6, [pi1l, pi2, p13, pi4, pi5, pi6, p2i, p22, p23, p24, p25, p26, p31, p32, p33, p34, p35, p36, pal, pd2, p43, pa4, pd5,
p46, p51, p52, pb3, p54, p55, pb6, p6l, p62, p63, p64, p65, p66]

6: 1055, 7, [pi1, pi2, p13, pi4, pi5, pi6, p2i, p22, p23, p24, p25, p26, p31, p32, p33, p34, p35, p36, pil, pd2, p43, pad, pd5,
p46, p51, p52, pb3, pb4, pb5, pb6, p6l, p62, p63, p64, p65, p66, p7i, p72, p73, p74, p75, p76]
> kt_path_n(1);

box pil v box p12 v box p13 v box pi5 v (dia (“pil & box p21) v dia (“pil & box p23) v false v (false v false) v (dia ("p13 & box
p21) v dia ("p13 & box p23) v false) v (false v false) v (dia (“p15 & box p21) v dia (“p15 & box p23) v false) v (false v false) v
(false v false) v (false v (dia ("p14 & box p22) v dia ("p16 & box p22))) v (false v false) v (false v (dia (“pl4 & box p24) v dia
("p16 & box p24))) v (false v false) v (false v (dia (“pl4 & box p26) v dia (“p16 & box p26)))) v (dia dia “p22 v dia dia “p24 v dia
dia "p25 v dia dia ~p26)
> kt_path_n(2);

box p1l v box pl2 v box p13 v box p15 v (dia ("pil1l & box p21) v dia ("pll & box p23) v false v (false v false) v (dia ("p13 & box
p21) v dia ("p13 & box p23) v false) v (false v false) v (dia ("p15 & box p21) v dia (“p15 & box p23) v false) v (false v false) v
(dia dia ("p21 & box p31) v dia dia ("p21 & box p33) v dia dia ("p21 & box p35) v false) v (false v (dia ("pl4 & box p22) v dia (“pi6
& box p22))) v (dia dia ("p23 & box p31) v dia dia ("p23 & box p33) v dia dia ("p23 & box p35) v false) v (false v (dia (“p14 & box
p24) v dia ("p16 & box p24))) v (dia dia ("p25 & box p31) v dia dia ("p25 & box p33) v dia dia ("p25 & box p32) v dia dia ("p25 & box
p35) v false) v (false v (dia (“p14 & box p26) v dia (“p16 & box p26))) v (false v false) v (false v (dia dia ("p22 & box p32) v dia
dia ("p24 & box p32) v dia dia ("p26 & box p32))) v (false v false) v (false v (dia dia ("p22 & box p34) v dia dia ("p24 & box p34)
v dia dia ("p26 & box p34))) v (false v false) v (false v (dia dia ("p22 & box p36) v dia dia ("p24 & box p36) v dia dia ("p26 & box
p36)))) v (dia dia dia “p32 v dia dia dia “p34 v dia dia dia “p32 v dia dia dia ~p36)

12.2.13 kt_phop

> for i :=1 to 6 do
print(i, ": ", length(kt_ph_p(i)), ", ", modaldepth(kt_ph_p(i)), ", ", vars(kt_ph_p(i)));

1: 8, 1, [p101, p201]

2: 39, 2, [p101, p102, p201, p202, p301, p302]

3: 108, 2, [p101, p102, p103, p201, p202, p203, p30i, p302, p303, p40l, p402, p403]

4: 230, 2, [pi01, p102, p103, pi04, p201, p202, p203, p204, p301, p302, p303, p304, p40i, p402, p403, p404, p501, p502, p503,
p504]

5: 420, 2, [p101, p102, p103, pi04, pi05, p201, p202, p203, p204, p205, p301, p302, p303, p304, p305, pa0l, p402, pd03, pao4,
p405, p501, p502, p503, p504, p505, p601, p602, p603, p604, p6O5]

6: 693, 2, [p101, p102, pi03, pi04, p105, p106, p201, p202, p203, p204, p205, p206, p30i, p302, p303, p304, p305, p306, p40l
p402, p403, p404, p405, p406, p501, p502, p503, p504, p505, p506, p601, p602, p603, p604, p605, p606, p701, p702, p703, p704, p705,
p7086]

> kt_ph_p(1);
p101 & p201 -> dia (p101 & p201)
> kt_ph_p(2);

(p101 v box p102) & (p201 v p202) & (p301 v p302) -> dia (p101 & p201 v p101 & p301 v p201 & p301 v box p102 & p202 v box p102
& p302 v p202 & p302)
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12.2.14 kt_phn

> for i :=1 to 6 do
print(i, ": ", length(kt_ph_n(i)), ", ", modaldepth(kt_ph_n(i)), ", ", vars(kt_ph_n(i)));

1: 9, 1, [pio1, p201]

2: 41, 2, [pioi, p102, p201, p202, p301, p302]

3: 111, 2, [p101, p102, pi03, p201, p202, p203, p30i, p302, p303, pd0i, p402, p4d03]

4: 234, 2, [pi01, p102, p103, pi04, p201, p202, p203, p204, p301, p302, p303, p304, p401, p402, p403, p404, p501, p502, p503,
p504]

5: 425, 2, [p101, p102, p103, pi04, p105, p201, p202, p203, p204, p205, p301, p302, p303, p304, p305, p40i, p402, p403, pao4,
p405, p5O1, p502, p503, p504, p505, p601, p602, pe03, p604, p605]

6: 699, 2, [p101, p102, p103, pl04, p105, pl06, p201, p202, p203, p204, p205, p206, p30i, p302, p303, p304, p305, p306, p401
p402, p403, p4a04, p405, p406, p501, p502, p503, p504, p505, p506, p601l, p602, p603, p604, p605, p606, p701, p702, p703, p704, p705,
p706]

> kt_ph_n(1);
pl01 & p201 -> dia (“p101 & p201)
> kt_ph_n(2);

(p101 v box p102) & (p201 v p202) & (p301 v p302) -> dia (p101 & p201 v pi0i & p301 v p201 & p301 v box p102 & “p202 v box pi02
& p302 v “p202 & p302)

12.2.15 kt_poly.p

> for i :=1 to 6 do
print(i, ": ", length(kt_poly_p(i)), ", ", modaldepth(kt_poly_p(i)), ", ", vars(kt_poly_p(i)));
108, 8, [p1, p2, p3, p4, p5, p6, p7, p8, pi0, pi2]
261, 14, [pi, p2, p3, p4, p5, p6, p7, p8, p9, pi0, pii, pi2, pi3, pi4, pi6, pi8, p20, p22, p24]
383, 18, [p1, p2, p3, p4, p5, p6, p7, p8, p9, pl0, pii, pi2, pi3, pi4, pi5, pi6, pi7, pi8, p20, p22, p24, p26, p28, p30, p32]
: 596, 24, [p1, p2, p3, p4, p5, p6, p7, p8, p9, p10, piil, pi2, pi3, pi4, pi5, pi6, pi7, pi8, pl9, p20, p21, p22, p23, p24, p26,
p28, p30, p32, p34, p36, p38, p40, p42, pé4]
5: 758, 28, [pil, p2, p3, p4, p5, p6, p7, p8, p9, p10, pil, pi2, pi3, pi4, pi5, pi6, pi7, pi8, pi9, p20, p21, p22, p23, p24, p25,
p26, p27, p28, p30, p32, p34, p36, p38, p40, p42, pi44, p46, p48, p50, p52]
6: 1031, 34, [pt, p2, p3, p4, p5, p6, p7, p8, p9, pi0, pii, pi2, pi3, pl4, pi5, p16, pi7, pi8, p19, p20, p2i, p22, p23, p24, p25,
p26, p27, p28, p29, p30, p31, p32, p33, p34, p36, p38, p40, p42, p44, p46, p48, p50, p52, p54, p56, p58, p60, p62, p64l
> kt_poly_p(1);
box box box box box box (pl & p2 & p3 & p4 & p5 & p6) v (dia (dia (dia (dia (dia (false v dia dia dia (pt <-> p2)) v box p3 v dia
dia dia dia (p2 <-> p3)) v box p4 v dia dia dia dia dia (p3 <-> p4)) v box p5 v dia dia dia dia dia dia (p4 <-> p5)) v box p6 v dia
dia dia dia dia dia dia (p5 <-> p1)) v box p7) v box box box box box box (“p2 & “p4 & “p6 & “p8 & “p10 & ~“pi12)
> kt_poly_p(2);
box box box box box box box box box box box box (pl & p2 & p3 & p4 & p5 & p6 & p7 & p8 & p9 & p10 & pil & p12) v (dia (dia (dia
(dia (dia (dia (dia (dia (dia (dia (dia (false v dia dia dia (pl <-> p2)) v box p3 v dia dia dia dia (p2 <-> p3)) v box p4 v dia dia
dia dia dia (p3 <-> p4)) v box p5 v dia dia dia dia dia dia (p4 <-> p5)) v box p6 v dia dia dia dia dia dia dia (p5 <-> p6)) v box
p7 v dia dia dia dia dia dia dia dia (p6 <-> p7)) v box p8 v dia dia dia dia dia dia dia dia dia (p7 <-> p8)) v box p9 v dia dia dia
dia dia dia dia dia dia dia (p8 <-> p9)) v box pl0 v dia dia dia dia dia dia dia dia dia dia dia (p9 <-> p10)) v box pil v dia dia
dia dia dia dia dia dia dia dia dia dia (p10 <-> p11)) v box pl12 v dia dia dia dia dia dia dia dia dia dia dia dia dia (p11 <-> p1))
v box p13) v box box box box box box box box box box box box ("p2 & “p4 & “p6 & “p8 & "pl0 & "pl2 & “pl4 & “pl6 & "pl8 & "p20 & “p22
& ~p24)
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12.2.16 kt_polyn

> for i := 1 to 6 do

print(i, ": ", length(kt_poly_n(i)), ", ", modaldepth(kt_poly_n(i)), ", ", vars(kt_poly_n(i)));

1: 86, 7, [pi, p2, p3, p4, p5, p6, p8, pio]l

2: 131, 9, [p1, p2, p3, p4, p5, p6, p7, p8, pl0, pi2, pi4]

3: 233, 13, [p1, p2, p3, p4, p5, p6, p7, p8, p9, pl0, pii, pi2, pi4, pi6, pi8, p20, p22]

4: 290, 15, [pi, p2, p3, p4, p5, p6, p7, p8, p9, pl0o, pii, pi12, pi3, pl4, pi6, pi8, p20, p22, p24, p26]

5: 416, 19, [p1, p2, p3, p4, p5, p6, p7, p8, p9, p10, pii, pi2, pi3, pi4, pi5, pi6, pl7, pi8, p20, p22, p24, p26, p28, p30, p32,
p34]

6 485, 21, [p1, p2, p3, p4, p5, p6, p7, p8, p9, pl0, pii, pi2, pi3, pi4, pi5, pi6, pi7, pi8, pi9, p20, p22, p24, p26, p28, p30,

p32, p34, p36, p38]
> kt_poly_n(1);

box box box box box (pl & p2 & p3 & p4 & p5) v (dia (dia (dia (dia (false v dia dia dia (pl <-> p2)) v box p3 v dia dia dia dia
(p2 <-> p3)) v box p4 v dia dia dia dia dia (p3 <-> p4)) v box p5 v dia dia dia dia dia dia (p4 <-> p1)) v box p6) v box box box box
box (“p2 & “p4 & “p6 & “p8 & ~p10)
> kt_poly_n(2);

box box box box box box box (pl & p2 & p3 & p4 & p5 & p6 & p7) v (dia (dia (dia (dia (dia (dia (false v dia dia dia (p1 <-> p2))
v box p3 v dia dia dia dia (p2 <-> p3)) v box p4 v dia dia dia dia dia (p3 <-> p4)) v box p5 v dia dia dia dia dia dia (p4 <-> p5))
v box p6 v dia dia dia dia dia dia dia (p5 <-> p6)) v box p7 v dia dia dia dia dia dia dia dia (p6 <-> p1)) v box p8) v box box box
box box box box ("p2 & "p4 & "p6 & “p8 & “pl0 & "pl2 & “pl4)
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12.2.17 kt_t4pp

> for i :=1 to 6 do
print(i, ": ", length(kt_tdp_p(i)), ", ", modaldepth(kt_t4p_p(i)), ", ", vars(kt_tdp_p(i)));
1: 74, 5, [po, pt, p3, p4l
2: 106, 6, [p0, pi, p3, p4l
3: 138, 7, [po, p1, p3, p4l
4: 170, 8, [po, pi, p3, p4al
5: 202, 9, [po, pi, p3, p4l
6: 234, 10, [po, p1, p3, p4al
> kt_t4p_p(1);

dia ~(box “pl -> box box “p1) v box dia box p0 v box (“box pl -> box ~box p1) v (dia (box pl & dia dia “p1) v dia (box dia pO &
dia dia box ("p0 v box p3) v dia (dia box dia p0 & pO & dia ("p0 v box p3)) v dia box (“p0 v box p3))) v dia pé
> kt_t4p_p(2);

dia ~(box “pl -> box box “p1) v box (dia ~(box “pl -> box box ~p1) v box dia box p0 v box (“box pl -> box “box p1)) v box (~box
pl -> box “box p1) v (dia (box pl & dia dia “p1) v dia (dia (box pl & dia dia “p1) v dia (box dia p0 & dia dia box (p0 v box p3) v
dia (dia box dia p0 & pO & dia ("p0 v box p3)) v dia box (“p0 v box p3)))) v dia p4

12.2.18 kt_t4pn

> for i :=1 to 6 do
print(i, ": ", length(kt_t4p_n(i)), ", ", modaldepth(kt_t4p_n(i)), ", ", vars(kt_t4p_n(i)));
77, 5, [po, pi, p3, p4l
141, 7, [po0, pi, p3, p4l
205, 9, [po, pt, p3, p4l
269, 11, [po0, pi, p3, p4l
333, 13, [po, pi, p3, p4l
6: 397, 15, [p0, pi, p3, p4l
> kt_t4p_n(1);
dia ~(box “pl -> box box “p1) v box dia box p0 v box (“box pl -> box ~box p1) v (dia (box pl & dia dia “p1) v dia (box dia pO &
box (“p0 v box p3) v box dia pO & dia dia box (“p0 v box p3) v dia (dia box dia p0 & p0 & dia (“p0 v box p3)))) v dia p4
> kt_t4p_n(2);
dia ~(box ~pl -> box box ~p1) v box (dia ~(box ~pl -> box box ~p1) v box (dia ~(box “pl -> box box ~p1) v box dia box p0 v box
(“box pl -> box “box p1)) v box (“box pl -> box ~box p1)) v box (box pl -> box ~box p1) v (dia (box pl & dia dia ~p1) v dia (dia (box
pl & dia dia “p1) v dia (dia (box pl & dia dia “p1) v dia (box dia p0 & box (“p0 v box p3) v box dia pO & dia dia box (“p0 v box p3)
v dia (dia box dia pO & p0 & dia (“p0 v box p3)))))) v dia p4

gos W N e

12.3 5S4

12.3.1 s4.45p

> for i :=1 to 6 do

print(i, ": ", length(s4_45_p(i)), ", ", modaldepth(s4_45_p(i)), ", ", vars(s4_45_p(i)));
1: 79, 4, [po, pil
2: 209, 5, [po0, pil
3: 389, 6, [po, pil
4: 619, 7, [po, ptl
5: 899, 8, [po, pil
6: 1229, 9, [po, pil

> s4.45_p(1);

box p0 v box (box p0 v box dia “p0) v box pl v dia “p0 & dia box false & dia “pl v dia “p0 & dia (dia box pO & dia box dia ~p0)
% dia “pl v dia “pO & dia dia (dia “p0 & dia box p0) & dia “pl v dia “p0O & dia (pO & dia box ~“p0) & dia “pi
> s4.45_p(2);

box p0 v box (box p0 v box (box pO v box dia “p0) v box pl) v box pl v dia “p0 & dia box false & dia “pl v dia “p0O & dia (dia box
pO & dia box dia "p0) & dia “pl v dia “p0 & dia dia (dia ~“pO & dia box p0) & dia “pl v dia ~pO & dia (p0 & dia box ~p0) & dia “pl v
(box p0 v box (box p0 v box (box p0 v box dia ~“p0) v box pl) v box pl v dia “p0 & dia (dia "p0O & dia box false & dia “pl) & dia “pi
v dia "p0 & dia (dia “p0 & dia (dia box pO & dia box dia "p0) & dia “p1l) & dia “pl v dia "p0 & dia (dia ~pO & dia dia (dia "p0 & dia
box p0) & dia “p1) & dia “p1l v dia “pO & dia (dia "p0 & dia (p0 & dia box "p0) & dia ~p1) & dia “pi1)

12.3.2 s4.45n

> for i :=1 to 6 do

print(i, ": ", length(s4_45_n(i)), ", ", modaldepth(s4_45_n(i)), ", ", vars(s4_45_n(i)));
1: 111, 4, [po, pi]
2: 282, 5, [po, pil
3: 512, 6, [po, pil
4: 801, 7, [po, ptl
5: 1149, 8, [po, pil
6: 1556, 9, [p0, pil

> s4.45_n(1);
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box p0 v box (box p0 v box dia ~p0) v box pl v dia "p0 & dia (box pO & dia dia “p0) & dia “pl v dia "p0 & dia (box dia p0 & dia
dia box "p0) & dia “pl v dia “p0 & dia (box pO & “p0) & dia "pl v dia “p0 & dia (box (dia "p0O v pO) & dia dia (box p0 & ~“p0)) & dia
“pl v dia "pO & dia (box (dia “p0 v p0) & (box p0 & ~p0)) & dia “pi
> s4.45_n(2);

box p0 v box (box p0 v box (box p0 v box dia "p0) v box p1) v box pl v dia "p0 & dia (box p0 & dia dia "p0) & dia “p1 v dia “pO
% dia (box dia pO & dia dia box "p0) & dia “p1l v dia “pO & dia (box p0 & ~p0) & dia “pl v dia "p0 & dia (box (dia "p0 v p0) & dia dia
(box pO & ~p0)) & dia “pl v dia “pO & dia (box (dia “pO v p0) & (box pO & “p0)) & dia “pi v (box pO v box (box p0 v box (box p0 v box
dia "p0) v box p1) v box pl v dia “p0 & dia (dia “p0O & dia (box pO & dia dia “p0) & dia “p1) & dia “pl v dia “p0 & dia (dia “p0 & dia
(box dia pO & dia dia box “p0) & dia “p1) & dia “pl v dia “pO & dia (dia “p0 & dia (box pO & “p0) & dia “p1) & dia “p1l v dia “p0 &
dia (dia “p0O & dia (box (dia “p0 v p0) & dia dia (box pO & ~“p0)) & dia “pl) & dia “pl v dia “p0 & dia (dia “pO & dia (box (dia ~pO
v p0) & (box pO & “p0)) & dia “p1) & dia ~p1)

12.3.3 s4_branchp

> for i :=1 to 6 do
print(i, ": ", length(s4_branch_p(i)), ", ", modaldepth(s4_branch_p(i)), ", ", vars(s4_branch_p(i)));
76, 2, [po, p1l, p100, p101, p102]
120, 2, [p0, pi, p2, pl00, pi0i, p102, p103]
164, 2, [p0, pl, p2, p3, pl00, pi01, pl02, p103, pl04]
208, 2, [p0, pi, p2, p3, p4, pl00, pi01, pi02, p103, pi04, p105]
252, 2, [pO, pl, p2, p3, p4, p5, p100, p101, p102, p103, p104, pl05, p106]
: 296, 2, [pO, pl, p2, p3, p4, p5, p6, p100, pi101, p102, p103, p104, pl105, p106, p107]
> s4_branch_p(1);
~(p100 & ~p101 & box ((p101 -> p100) & (p102 -> p101) & ((p100 -> (pO0 -> box (p100 -> p0)) & (“p0 -> box (p100 -> ~p0))) & (p10i
-> (p1 -> box (p101 -> p1)) & ("p1 -> box (p101 -> “p1)))) & (p100 & ~pi01 -> dia (pl01 & “p102 & p1) & dia (p101 & “p102 & “p1))))
v “box pil
> s4_branch_p(2);
“(p100 & “p101 & box ((p101 -> p100) & (p102 -> p101) & (p103 -> p102) & ((p100 -> (pO -> box (p100 -> p0)) & (“p0 -> box (p100
-> “p0))) & (p101 -> (p1 -> box (p101 -> p1)) & (“pi -> box (p101 -> “p1))) & (p102 -> (p2 -> box (p102 -> p2)) & (“p2 -> box (p102
-> “p2)))) & ((p100 & “p101 -> dia (p101 & “p102 & p1) & dia (p101 & “p102 & “p1)) & (p101 & “p102 -> dia (p102 & “pl03 & p2) & dia
(p102 & ~p103 & “p2))))) v “box pi

D TR W N e

12.3.4 s4_branchn

> for i :=1 to 6 do
print(i, ": ", length(s4_branch_n(i)), ", ", modaldepth(s4_branch_n(i)), ", ", vars(s4_branch_n(i)));
72, 2, [p0, pi, p100, p10i, p102]
116, 2, [po, pil, p2, p100, p101, p102, p103]
160, 2, [po, p1, p2, p3, pl00, p101, p102, p103, p104]
204, 2, [po, pt, p2, p3, p4, ploo, pi01, p102, p103, p104, p105]
248, 2, [pO, pl, p2, p3, p4, p5, p100, p101, p102, p103, p104, pl05, p106]
: 292, 2, [po, pi, p2, p3, p4, p5, p6, pl00, p101, p102, p103, p104, pl05, p106, p107]
> s4_branch_n(1);
“(p100 & ~“p101 & box ((p101 -> p100) & (p102 -> p101) & ((p100 -> (pO -> box (p100 -> p0)) & (“p0 -> box (p100 -> ~p0))) & (p101
-> (p1 -> box (p101 -> p1)) & (“pi -> box (p10t -> “p1)))) & (p100 & ~p101 -> dia (p101 & ~p102 & pl1) & dia (p101 & ~p102 & ~“p1))))
> s4_branch_n(2);
~(p100 & ~p101 & box ((p101 -> p100) & (p102 -> p101) & (p103 -> p102) & ((p100 -> (p0 —-> box (p100 -> p0)) & (“pO -> box (p100
-> "p0))) & (p101 -> (p1 -> box (p101 -> p1)) & ("pl -> box (p101 -> ~p1))) & (p102 -> (p2 -> box (p102 -> p2)) & ("p2 -> box (p102
-> "p2)))) & ((p100 & ~“p101 -> dia (p101 & ~“p102 & pl) & dia (pl01 & “p102 & ~p1)) & (p101 & ~p102 -> dia (p102 & ~p103 & p2) & dia
(p102 & ~p103 & “p2)))))

@D G W N e

12.3.5 s4 grzop

> for i := 1 to 6 do
print(i, ": ", length(s4_grz_p(i)), ", ", modaldepth(s4_grz_p(i)), ", ", vars(s4_grz_p(i)));

186, 7, [po, p1, p2, p3l
207, 7, [po, pi, p2, p3l
238, 7, [po, pi, p2, p3]
277, 7, [po, pi, p2, p3l
324, 7, [po0, pi, p2, p3, p4l
: 383, 7, [p0, pl, p2, p3, p4l
> sd_grz_p(1);

box (box (box (p2 -> box p2) -> p2) -> p2) & true & (box (box ((box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) ->
box box (box (p2 -> box p2) -> p2)) -> box ((box (p2 -> box p2) —-> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box
p2) —> p2)))) -> (box (p2 -> box p2) —-> p2) & (box (box (p2 —-> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2))) -> (box (p2 ->
box p2) —-> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2))) -> (box (box (pl -> box p1) -> pl) -> box
p1) v (box (box (p2 -> box p2) -> p2) -> box p2) & “box dia p0 v (box (box (p3 -> box p3) -> p3) -> box p3) v (box (box (p2 -> box
p2) -> p2) -> box p2) & ~dia ~(box dia pO v pi)
> s4_grz_p(2);

box (box (box (p2 -> box p2) -> p2) -> p2) & (box (box (box false v pl -> box (box false v p1)) -> box false v pl) -> box false
v p1) & (box (box ((box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2)) -> box ((box
(p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2)))) -> (box (p2 -> box p2) -> p2) & (box
(box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2))) -> (box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2)
-> box box (box (p2 -> box p2) -> p2))) -> (box (box (pl -> box p1) -> p1) -> box pi) v (box (box (p2 -> box p2) -> p2) -> box p2)
& “box dia p0 v (box (box (p3 -> box p3) -> p3) -> box p3) v (box (box (p2 -> box p2) -> p2) -> box p2) & ~dia ~(box dia p0 v pi)

o U W N R

33



12.3.6 s4._grzn

> for i :=1 to 6 do

print(i, ": ", length(s4_grz_n(i)), ", ", modaldepth(s4_grz_n(i)), ", ", vars(s4_grz_n(i)));
1: 153, 7, [pt, p2, p3l
2: 175, 7, [p1, p2, p3]
3: 207, 7, [pt, p2, p3l
4: 247, 7, [p1, p2, p3l
5: 205, 7, [p1, p2, p3, p4l
6: 355, 7, [pi, p2, p3, p4l

> s4_grz_n(1);

box (box (box (p2 -> box p2) -> p2) -> box p2) & true & (box (box ((box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2)
-> box box (box (p2 -> box p2) -> p2)) -> box ((box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 ->
box p2) -> p2)))) -> (box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2))) -> box ((box
(p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2)))) -> (box pl -> box “box pi1) v (“box
p2 -> box “box p2) v (“box p3 -> box “box p3)

> s4_grz_n(2);

box (box (box (p2 -> box p2) -> p2) -> box p2) & (box (box (box false v pl -> box (box false v pi)) -> box false v pi) -> box (box
false v p1)) & (box (box ((box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2)) -> box
((box (p2 -> box p2) -> p2) & (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2)))) -> (box (p2 -> box p2) -> p2)
& (box (box (p2 -> box p2) -> p2) -> box box (box (p2 -> box p2) -> p2))) -> box ((box (p2 -> box p2) -> p2) & (box (box (p2 -> box
p2) -> p2) —> box box (box (p2 -> box p2) -> p2)))) -> (“box pil -> box “box pil) v (“box p2 -> box “box p2) v (“box p3 -> box “box p3)

12.3.7 s4_ipcp

> for i :=1 to 6 do
print(i, ": ", length(s4_ipc_p(i)), ", ", modaldepth(s4_ipc_p(i)), ", ", vars(s4_ipc_p(i)));
11, 3, [pil
27, 3, [p1, p2]
49, 3, [pt, p2, p3l
77, 3, [p1l, p2, p3, p4l
111, 3, [pt, p2, p3, p4, p5l
: 151, 3, [p1, p2, p3, p4, p5, p6l
> s4_ipc_p(1);
box (box (box pl -> box pl) -> false) -> false
> s4_ipc_p(2);
box (box (box pl -> box pl & box p2) -> false) & box (box (box p2 -> box pl & box p2) -> false) -> false

@ U A W N R

12.3.8 s4_.ipcn

> for i :=1 to 6 do

print(i, ": ", length(s4_ipc_n(i)), ", ", modaldepth(s4_ipc_n(i)), ", ", vars(s4_ipc_n(i)));
1: 3,0, [1
2: 16, 3, [p1, p2]
3: 35, 3, [p1, p2, p3]
4: 60, 3, [pt, p2, p3, pa4l
5: 91, 3, [p1l, p2, p3, p4, p5]
6: 128, 3, [pl, p2, p3, p4, p5, p6l

> s4_ipc_n(1);
true -> false
> s4_ipc_n(2);
true & box (box (box p2 -> box pl & box p2) -> false) -> false

12.3.9 s4mdp

> for i := 1 to 6 do

print(i, ": ", length(s4_md_p(i)), ", ", modaldepth(s4_md_p(i)), ", ", vars(s4_md_p(i)));
1: 6, 0, [pil]
2: 38, 3, [p1, p2]
3: 117, 7, [p1, p2]
4: 268, 13, [pt, p2l
5: 518, 21, [p1, p2]
6: 894, 31, [pt, p2]

> s4_md_p(1);
pl v false v “pi
> s4_md_p(2);
pl v ("p1l & dia box (dia p2 v p2) v “pl & dia box (dia p1l v p2) v “p2 & dia box (dia pl v p2)) v (dia box “pil v p2)
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12.3.10 s4.mdn

> for i :=1 to 6 do

print(i, ": ", length(s4_md_n(i)), ", ", modaldepth(s4_md_n(i)), ", ", vars(s4_md_n(i)));
1: 3, 0, [ptl
2: 11, 3, [p1, p2]
3: 34, 7, [p1, p2]
4: 79, 13, [p1, p2]
5: 155, 21, [p1, p2]
6: 271, 31, [p1, p2]

> s4_md_n(1);
pl v false
> s4_md_n(2);
pl v “pl & dia box (dia pl v p2)

12.3.11 s4_pathop

> for i :=1 to 6 do
print(i, ": ", length(s4_path_p(i)), ", ", modaldepth(s4_path_p(i)), ", ", vars(s4_path_p(i)));

1: 56, 2, [pi1, p12, pi3, pi4, pi5, pi6l

2: 157, 2, [pi1, pi2, pi13, pi4, pi5, pi6, p21, p22, p23, p24, p25, p26]

3: 321, 3, [pll, pi2, pi13, pi4, pi5, pl6, p21, p22, p23, p24, p25, p26, p31, p32, p33, p34, p35, p36]

4: 448, 4, [pit1, pi12, pi3, pi4, pi5, pi6, p21, p22, p23, p24, p25, p26, p31, p32, p33, p34, p35, p36, pil, pd2, p43, péd, p4b,
p46l

5: 650, 5, [pll, pi2, pi13, pi4, pi5, pilé, p21, p22, p23, p24, p25, p26, p31, p32, p33, p34, p35, p36, p4l, p42, p43, p44, p45,
p46, p51, p52, p53, p54, p55, p56]

6: 803, 6, [pi1, p12, p13, pi4, pi5, pl16, p21, p22, p23, p24, p25, p26, p31, p32, p33, p34, p35, p36, p4l, p42, p43, pd4, p45,
p46, p51, p52, pb3, p54, p55, pb6, p6l, p62, p63, p64, p65, p66]
> s4_path_p(1);

box box p1l v box box pl2 v box box p13 v box box p1l5 v (false v false v (false v false) v (false v false) v (false v false) v
(false v false) v (false v false)) v dia (dia “p12 v dia “p14 v dia “p12 v dia “pi6)
> s4_path_p(2);

box box p1l v box box pl2 v box box p13 v box box pil5 v (dia (“pil & box p21) v dia (“pil & box p23) v false v (dia ("p12 & box
p25) v false) v (dia (“p13 & box p21) v dia ("p13 & box p23) v false) v (false v false) v (dia (“p15 & box p21) v dia ("pi5 & box p23)
v false) v (false v false) v (false v false) v (false v (dia ("pl4 & box p22) v dia (“p16 & box p22))) v (false v false) v (false v
(dia ("p14 & box p24) v dia ("pi6 & box p24))) v (false v false) v (false v (dia (“pl4 & box p26) v dia (“p16 & box p26)))) v dia (dia
“p22 v dia “p24 v dia “p25 v dia “p26)

12.3.12 s4_pathn

> for i :=1 to 6 do
print(i, ": ", length(s4_path_n(i)), ", ", modaldepth(s4_path_n(i)), ", ", vars(s4_path_n(i)));

1: 152, 2, [pii, p12, pi3, pi4, pi5, pi6, p21, p22, p23, p24, p25, p26]

2: 316, 3, [pi1, pi2, pi3, pi4, pib5, pi6, p21, p22, p23, p24, p25, p26, p31, p32, p33, p34, p35, p36]

3: 440, 4, [pi11, pi2, p13, pi4, pi5, pl6, p21, p22, p23, p24, p25, p26, p31, p32, p33, p34, p35, p36, p4l, p42, p43, pi4, p45,
p46]

4: 642, 5, [pii, p12, pi3, pl4, pi5, pi6, p21, p22, p23, p24, p25, p26, p3l, p32, p33, p34, p35, p36, p4l, pd2, pa3, pdd, p4,
p46, p51, p52, p53, p54, p55, p56]

5: 796, 6, [pii, pi2, pi3, pi4, pi5, pi6, p2i, p22, p23, p24, p25, p26, p3l, p32, p33, p34, p35, p36, p4l, p42, p43, pa4, pds,
p46, p51, p52, pb3, pb4, p55, pb6, p6l, p62, p63, p64, p65, p66]

6: 1036, 7, [pi1, pi2, pi13, pi4, pi5, pl6, p21, p22, p23, p24, p25, p26, p31, p32, p33, p34, p35, p36, p4l, p42, p43, p44, p45,
p46, p51, p52, pb3, p54, p55, pb6, p6l, p62, p63, p64, p65, p66, p7i, p72, p73, p74, p75, p76]
> s4_path_n(1);

box box pll v box box p12 v box box p13 v box box pib v (dia ("p11 & box p21) v dia (“pil & box p23) v false v (false v false)
v (dia ("p13 & box p21) v dia ("p13 & box p23) v false) v (false v false) v (dia ("p15 & box p21) v dia ("p15 & box p23) v false) v
(false v false) v (false v false) v (false v (dia (“p14 & box p22) v dia (“p16 & box p22))) v (false v false) v (false v (dia (“pi4
& box p24) v dia (“p16 & box p24))) v (false v false) v (false v (dia ("pl4 & box p26) v dia (“pi6 & box p26)))) v dia (dia “p22 v
dia “p24 v dia “p25 v dia “p26)
> s4_path_n(2);

box box pill v box box p12 v box box pi3 v box box pi5 v (dia (“pil & box p21) v dia (“pil & box p23) v false v (false v false)
v (dia ("p13 & box p21) v dia ("p13 & box p23) v false) v (false v false) v (dia (“p15 & box p21) v dia ("pi5 & box p23) v false) v
(false v false) v (dia dia ("p21 & box p31) v dia dia ("p21 & box p33) v dia dia ("p21 & box p35) v false) v (false v (dia (“pl4 &
box p22) v dia (“p16 & box p22))) v (dia dia ("p23 & box p31) v dia dia ("p23 & box p33) v dia dia ("p23 & box p35) v false) v (false
v (dia (“p14 & box p24) v dia ("p16 & box p24))) v (dia dia ("p25 & box p31) v dia dia ("p25 & box p33) v dia dia ("p25 & box p32)
v dia dia ("p25 & box p35) v false) v (false v (dia ("p14 & box p26) v dia ("p16 & box p26))) v (false v false) v (false v (dia dia
("p22 & box p32) v dia dia ("p24 & box p32) v dia dia ("p26 & box p32))) v (false v false) v (false v (dia dia ("p22 & box p34) v dia
dia ("p24 & box p34) v dia dia ("p26 & box p34))) v (false v false) v (false v (dia dia ("p22 & box p36) v dia dia ("p24 & box p36)
v dia dia ("p26 & box p36)))) v dia (dia "p32 v dia ~p34 v dia "p32 v dia ~p36)
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12.3.13 s4.phop

> for i := 1 to 6 do
print(i, ": ", length(s4_ph_p(i)), ", ", modaldepth(s4_ph_p(i)), ", ", vars(s4_ph_p(i)));

1: 9, 2, [p101, p201]

2: 45, 3, [pi0oi, p102, p201, p202, p301, p302]

3: 126, 3, [p101, p102, p103, p201, p202, p203, p30i, p302, p303, p40l, p402, p403]

4: 270, 3, [pi01, p102, p103, pi04, p201, p202, p203, p204, p301, p302, p303, p304, p40i, p402, p403, p404, p501, p502, p503,
p504]

5: 495, 3, [p101, p102, p103, pi04, pi05, p201, p202, p203, p204, p205, p30i, p302, p303, p304, p305, p401, p402, pd03, p404,
p405, p501, p502, p503, p504, p505, p601, p602, p603, p604, p6O5]

6: 819, 3, [p101, p102, p103, pi04, pi05, pli06, p201, p202, p203, p204, p205, p206, p301, p302, p303, p304, p305, p306, p4oi,
p402, p403, p404, p405, p406, p501, p502, p503, p504, p505, p506, p601l, p602, p603, p604, p605, p606, p701, p702, p703, p704, P705,
p7086]
> s4_ph_p(1);

pl01l & p201 -> dia dia (p101 & p201)
> s4_ph_p(2);

(p101 v box p102) & (p201 v p202) & (p301 v p302) -> dia (dia (p101 & p201) v dia (p101 & p301) v dia (p201 & p301) v dia (box
pl02 & p202) v dia (box p102 & p302) v dia (p202 & p302))

12.3.14 s4.phn

> for i :=1 to 6 do
print(i, ": ", length(s4_ph_n(i)), ", ", modaldepth(s4_ph_n(i)), ", ", vars(s4_ph_n(i)));
10, 2, [p1o1, p201]
47, 3, [p101, pi02, p201, p202, p301, p302]
129, 3, [pi01, p102, pi03, p201, p202, p203, p301, p302, p303, p40l, pi02, p403]
274, 3, [p101, pl02, p103, pl04, p201, p202, p203, p204, p301, p302, p303, p304, pd0l, pad2, pd03, p404, p501, p502, p503,
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p504]

5: 500, 3, [pi01, p102, pl03, pl04, p1l05, p201, p202, p203, p204, p205, p301, p302, p303, p304, p305, pa0l, pd02, pd03, pio4,
p405, p501, p502, p503, p504, p505, p601, p602, p603, p604, p605]

6: 825, 3, [plol, p102, p103, p104, pl05, pl06, p201, p202, p203, p204, p205, p206, p301, p302, p303, p304, p305, p306, paol
p402, p403, pa04, pd05, pd06, p501, p502, p503, p504, p505, p506, p60L, p602, pe03, pe04, p605, pe06, p701, pr02, p703, p704, p705,
p7086]
> s4_ph_n(1);

p101 & p201 -> dia dia (“p101 & p201)
> s4_ph_n(2);

(p101 v box p102) & (p201 v p202) & (p301 v p302) -> dia (dia (p101 & p201) v dia (p101 & p301) v dia (p201 & p301) v dia (box
pl02 & “p202) v dia (box p102 & p302) v dia ("p202 & p302))

12.3.15 s4.sb5p

> for i :=1 to 6 do
print(i, ": ", length(s4_s5_p(i)), ", ", modaldepth(s4_s5_p(i)), ", ", vars(s4_s5_p(i)));
30, 3, [pt, p2, p3l
78, 6, [pl, p2, p3, p4, p5, pél
126, 9, [pl, p2, p3, p4, p5, p6, p7, p8, pol
174, 12, [p1, p2, p3, p4, p5, p6, p7, p8, p9, pl0, pii, pi2]
222, 15, [p1, p2, p3, p4, p5, p6, p7, p8, p9, pl0, pil, pi2, pi3, pi4, pi5]
: 270, 18, [p1, p2, p3, p4, p5, p6, p7, p8, p9, pl0, pil, pi2, pi13, pi4, pi5, pi6, pi7, pis8]
> s4_s5_p(1);
box dia (box (pl <-> p2) v box p3 v (dia (pl & “p2 v “pl & p2) v box false)) v box (dia pl -> ~p3)
> s4_s5_p(2);
box dia (box ((pl <-> p2) v (p2 <-> p3) v (p3 <-> p4) v (p4 <-> p5)) v box p6 v (dia (pt & “p2 v “pi & p2) v box (dia (p2 & “p3
v “p2 & p3) v box (dia (p3 & “p4 v “p3 & p4) v box (dia (p4 & “p5 v “p4 & p5) v box false))))) v box (dia pl -> “p6)
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12.3.16 s4_s5n

> for i :=1 to 6 do

print(i, ": ", length(s4_s5_n(i)), ", ", modaldepth(s4_s5_n(i)), ", ", vars(s4_s5_n(i)));
1: 13, 3, [p1, p6l
2: 85, 8, [pil, p2, p3, p4, p5, p6, p7, pi2]
3: 157, 14, [p1, p2, p3, p4, p5, p6, p7, p8, p9, pl0, pii, pi2, pi3, pis]
4: 229, 20, [pi, p2, p3, p4, p5, p6, p7, p8, p9, pl0, pii, pi2, pi3, pi4, pi5, pi6, pi7, pi8, p19, p24]
5: 301, 26, [pl, p2, p3, p4, p5, p6, p7, p8, p9, pl0, pii, pi2, pi3, pi4, pi5, pi6, pi7, pi8, pl19, p20, p21, p22, p23, p24, p25,
p30]

6: 373, 32, [p1, p2, p3, p4, p5, p6, p7, p8, p9, p10, pii, pi2, pi3, pi4, pi5, pi6, pi7, pi8, pl9, p20, p21, p22, p23, p24, p25,
p26, p27, p28, p29, p30, p3i, p36]
> s4_s5_n(1);
box dia (box pB v false) v box (dia pi -> “p6)
> s4_s5_n(2);
box dia (box p12 v (dia (pl & “p2 v “pl & p2) v box (dia (p2 & “p3 v “p2 & p3) v box (dia (p3 & “p4 v “p3 & p4) v box (dia (p4
& “p5 v “p4 & p5) v box (dia (p5 & “p6 v “p5 & p6) v box (dia (p6 & “p7 v “p6 & p7) v box false))))))) v box (dia pt -> ~p12)
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12.3.17 s4_t4pp

> for i :=1 to 6 do
print(i, ": ", length(s4_t4p_p(i)), ", ", modaldepth(s4_t4p_p(i)), ", ", vars(s4_t4p_p(i)));
69, 5, [p0, pi, p3, p4l
127, 7, [po, p1, p3, p4l
185, 9, [p0, p1, p3, p4l
243, 11, [po, p1, p3, p4l
301, 13, [po, pi1, p3, p4l
: 369, 15, [po, pi, p3, p4l
> s4_td4p_p(1);
dia "(box "pl -> box box ~pl) v box dia box p0 v box (“box pl -> box ~“box p1) v (box (dia (pl & dia ~p1) v p1) & (dia box pi &
“pl) v dia (dia (dia box dia p0 & p0 & dia (“p0 v box p3)) v dia box (“p0O v box p3))) v dia p4
> s4_t4p_p(2);
dia ~(box “pl -> box box “p1) v box (dia ~(box “pl -> box box ~p1) v box dia box p0 v box (“box pl -> box “box p1)) v box (~box
pl -> box “box p1) v (box (dia (pl & dia “p1) v p1) & (dia box pl & “p1) v dia (box (dia (pi & dia “p1) v p1) & (dia box pil & ~pi)
v dia (box (dia (p1l & dia “p1) v p1) & (dia box p1l & “pl) v dia (dia (dia box dia pO & pO & dia (“p0 v box p3)) v dia box (“p0 v box
p3))))) v dia p4
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12.3.18 s4_t4pn

> for i :=1 to 6 do
print(i, ": ", length(s4_t4p_n(i)), ", ", modaldepth(s4_t4p_n(i)), ", ", vars(s4_t4p_n(i)));
108, 7, [po, p1, p3, p4l
224, 11, [p0, p1, p3, p4l
340, 15, [po, pi, p3, p4l
456, 19, [po, p1, p3, p4l
572, 23, [p0, pi, p3, p4l
: 688, 27, [po, p1, p3, p4l
> s4_t4p_n(1);
dia "(box "pl -> box box ~pl) v box dia box p0 v box (“box pl -> box ~“box p1) v (box (dia (pl & dia ~p1) v p1) & (dia box pi &
“p1) v dia (box (dia (pl & dia “p1) v p1) & (dia box pl & ~“p1) v dia (box (dia (pl & dia “p1) v p1) & (dia box pl & ~p1) v dia (box
dia p0 & box ("p0 v box p3) v dia (dia box dia p0 & pO & dia ("p0 v box p3)))))) v dia p4
> s4_t4p_n(2);
dia ~(box “pl -> box box “p1) v box (dia ~(box “pl -> box box ~p1) v box (dia ~(box “pl -> box box ~p1) v box dia box p0 v box
(“box pl -> box “box p1)) v box (“box pl -> box “box p1)) v box (box pl -> box ~box p1) v (box (dia (pi & dia “p1) v p1) & (dia box
pl & “p1) v dia (box (dia (pl & dia “p1) v p1) & (dia box pl & “pl) v dia (box (dia (pl & dia “p1) v p1) & (dia box pl & “pl) v dia
(box (dia (p1l & dia “p1) v p1) & (dia box p1l & “p1) v dia (box (dia (pl & dia “p1) v pl) & (dia box p1l & “p1) v dia (box (dia (p1l &
dia “p1) v p1) & (dia box pl & “pl) v dia (box (dia (pl & dia “p1) v p1) & (dia box pl & “p1) v dia (box dia pO & box (“p0 v box p3)
v dia (dia box dia p0 & p0 & dia (“p0 v box p3)))))))))) v dia p4
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13 Appendix II: LWB programs that generate the formulas

13.1 Preliminary remarks

This appendix contains procedures that generate the formulas. The procedures are implemented
in the LWB programming language (cp. LWB home page, item programming language).

In order to avoid inconsistencies between the formulas in the sections 6, 7, 8 and the programs in
this appendix, we implemented a Perl program that automatically converts the LaTeX definitions
into LWB programs. We then compared the results of these generated LWB programs with the
results of the LWB programs in this appendix.

A typical session where such a procedure is used looks as follows:

LWB - The Logics Workbench 1.0
type ’help;’ for help

> read("k_lin_p.lwb");

k wuser

k> provable(k_lin_p(3));
true

k> quit

13.2 fml_ 1ib.1lwb

# fml_lib.lwb

load(k);

== box p0 -> dia pO;

D2 dia true;

B pO -> box dia pO;

T box pO -> po;

A4 box pO -> box box p0;

A5 box p0 -> box ~ box p0;

H box(p0 v p1) & box(box p0 v pil) & box(p0 v box pl) -> box pO v box pi;
L :== box(p0 & box p0 -> p1) v box(pl & box pl -> p0);

Lplus :== box(box p0 -> p1) v box(box pl -> p0);

Grz  :== box(box(p0 -> box p0) -> p0) -> p0;

Grzl box (box(p0 -> box p0) -> p0) -> box pO;

Dum box (box(p0 -> box p0) -> p0) -> (dia box pO -> pO);

Dum1 box (box(p0 -> box p0) -> p0) -> (dia box p0 -> box p0);

Dum4 :== box(box(p0 -> box p0) -> p0) -> (dia box p0 -> pO v box po);

# Puts n box in front of the formula a .
# If n is 0 then a is returned.

proc : mbox(n, a)
local i;
begin
for i := 1 to n do a := box a;

return a;
end;

# Puts n dia in front of the formula a .
# If n is O then a is returned.

proc : mdia(n, a)
local i;
begin
for i := 1 to n do a := dia a;

return a;
end;
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proc : p(i)

begin
return symbol("p", i);
end;

# Converts the list 1 into a conjunction.
proc : list2conj(1)
local c, i, x;

begin
if nops(l) = O then return true;
c := 1[1]; for i := 2 to nops(l) do ¢ := ¢ & 1[il;
return c;

end;

# Converts the list 1 into a disjunction.
proc : list2disj(1)
local d, i, x;

begin
if nops(l) = O then return false;
d := 1[1]; for i := 2 to nops(l) do d :=d v 1[il;
return d;

end;

13.3 K

13.3.1 k_branch p.lwb

# k_branch_p.lwb

read("fml_lib.1lwb");

proc : k_branch_p(n)
local b, i, 1;

begin

b := bdepth(n) & det(n) & branching(n);

1 := []; for i := 0 to n do append(l, mbox(i, b));

return ~(p(100) & ~“p(101) & list2conj(1)) v “mbox(n, p(n div 3 + 1));
end; # k_branch_p

proc : bdepth(n)
local c, i;

begin
c :=[]; for i := 1 to n + 1 do append(c, p(100 + i) -> p(99 + i));
return list2conj(c);

end; # bdepth

proc : det(n)
local c, i;

begin
c :=[1;
for i := 0 to n do
append(c, p(100 + i)
=> ((p(i) -> box(p(100 + i) -> p(i))) & ("p(i) -> box(p(100 + i) -> “p(i)))));
return list2conj(c);
end; # det
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proc : branching(n)
local c, i;

begin
c :=[1;
for i := 0 ton -1 do
append(c, p(100 + i) & “p(101 + i)
-> (dia(p(101 + i) & “p(102 + i) & p(i + 1)) & dia(p(101 + i) & "p(102 + i) & “p(i + 1))));
return list2conj(c);
end; # branching

13.3.2 k_branchn

# k_branch_n.lwb

read("k_branch_p.lwb");

proc : k_branch_n(n)
local b, i, 1;

begin
b := bdepth(n) & det(n) & branching(n);
1 :=[]1; for i := 0 to n do append(1l, mbox(i, b));
return ~(p(100) & “p(101) & list2conj(l));

end; # k_branch_n

13.3.3 k. d4p

# k_d4_p.1lub

read("fml_lib.1lwb");

proc : k_d4_p(n)

local i, d;

begin

d :=[1;

for i := 1 to n do
append(d,

mbox(n, T) v “mbox(i, D2) v “mbox(i, A4)
v “mbox(i, A4{dia p0/p0}) v “mbox(i, B) v “mbox(i, B{"p0/p0}));
return k::nnf(list2disj(d));
end; # k_d4_p

13.3.4 k.d4n

# k_d4_n.lub

read("fml_lib.1lwb");

proc : k_d4_n(n)
local i, d;

begin
d :=[1;
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1 to n do
d := concat(d,
[mbox(n, box p0 v box dia ~p0)
v “mbox(i, D2)
v “mbox(i, A4)
v “mbox(i, A4{dia p0/p0}) v “mbox(i, D)
v “mbox(i, A4{dia p0 -> p0/pO})
v "mbox(i, A4{box p0 -> p0/pO})1);
return k::nnf(list2disj(d));
end; # k_d4_n

13.3.5 k. dump

# k_dum_p.lwb

read("fml_lib.1lwb");

proc : k_dum_p(n)
local c, di, d2;

begin

c := A4{box(p0 -> box p0) -> pO / pO} & box A4 & Dum & Dum{p0 -> box pO / pO};

dl := []; for i := 1 to n div 2 do append(dl, mbox(i, box A4 & Dum));
d2 := [1; for i := n div 2 + 2 to n - 1 do append(d2, mdia(i, ~(box A4 & Dum)));

return list2conj(dl) & ~ mbox(n div 2 + 1, Duml) -> mdia(n div 2 + 1, “¢) v list2disj(d2);
end; # k_dum_p

13.3.6 k_dumn

# k_dum_n.lwb

read("fml_lib.1lwb");

proc : k_dum_n(n)
local c, di, d2, i;

begin
c := A4{box(p0 -> box p0) -> pO / pO} & box A4 & Dum4 & Dum4{pO -> box pO / pO};
dt := [1; for i := 1 to n div 2 do append(dl, mbox(i, box A4 & Dum4));
d2 := [1; for i := n div 2 + 2 to n - 1 do append(d2, mdia(i, ~(box A4 & Dum4)));
return list2conj(dl) & ~ mbox(n + 1, Dum) -> mdia(n + 1, “c) v list2disj(d2);
end; # k_dum_n

13.3.7 kgrzp

# k_grz_p.lwb

read("fml_lib.1lwb");

proc : k_grz_p(n)
local c, i, d;

begin

C := box(p2 -> box p2) -> p2;

d :=[]; for i := 1 to n - 1 do append(d, 1(i));

return box Grz{p2/p0} & list2conj(d) & Grz{C & A4{C/p0}/p0} -> Grzi{p1/p0} v Grzi{p2/p0} v Grzi{p3/p0};
end; # k_grz_p
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proc : 1(i)

begin
if i mod 4 = O then return Grz{12(i div 4) / p0};
if i mod 4 = 1 then return Grz{box 12(i div 4) v p1 / pO};
if i mod 4 = 2 then return Grz{box 12(i div 4) v p1 v p2 / p0};
return Grz{box 12(i div 4) v p1 v p2 v p3 / pO};
end; # 1

proc : 12(i)

begin
if i = 0 then return false; else return box 12(i - 1) v pl v p2 v p3 v p4;
end; # 12

13.3.8 k._grzn

# k_grz_n.lwb

read("k_grz_p.lwb");

proc : k_grz_n(n)
local c, i, d;

begin

C := box(p2 -> box p2) -> p2;

d := []; for i := 1 to n - 1 do append(d, 1(i));

return box Grzi{p2/p0} & list2conj(d) & Grzi{C & A4{C/p0}/p0} -> Grz{p1/p0} v Grz{p2/p0} v Grz{p3/p0};
end; # k_grz_n

proc : 1(i)

begin
if i mod 4 = O then return Grzi{12(i div 4) / p0};
if i mod 4 = 1 then return Grzi{box 12(i div 4) v p1 / pO};
if i mod 4 = 2 then return Grzi{box 12(i div 4) v pl v p2 / pO};
return Grzi{box 12(i div 4) v p1 v p2 v p3 / pO};
end; # 1

13.3.9 k.linp

# k_lin_p.lwb

read("fml_lib.lwb");

proc : k_lin_p(n)
local di, d2, i, H2;

begin
H2 := H{pO & box pO & p0O -> p1/p0, “p0 -> ~(box pl & p1)/pi};
d1 := [1; for i := 1 to n div 3 do append(dl, ~ H2{p(i)/p0, p(i + 1)/p1});
d2 := [1; for i := ((n div 3) + 1) to n do append(d2, ~ H2{p(i)/p0, p(i + 1)/pi});
return list2disj(di) v L{p(n)/p0, p(n)/pi} v list2disj(d2);
end; # k_lin_p
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13.3.10 k_.1linn

# k_lin_n.lwb

read("fml_lib.lwb");

proc : k_lin_n(n)
local di, d2, i;
begin

di := [1;
for i :=1 to 2 mult n - 2 do

append(d1, - L{dia p(i)/p0, p(i + 1)/p1} v = L{p(i) -> box p(i + 1)/p0, p(i + 1)/pi});

d2 := [1;
for i := 2 mult n to 4 mult n - 4 do

append(d2, - L{dia p(i)/p0, p(i + 1)/p1} v = L{p(i) -> box p(i + 1)/p0, p(i + 1)/pi});

return list2disj(di) v Lplus{p(n)/p0, p(n)/pi} v list2disj(d2);
end; # k_lin_n

13.3.11 k._pathp

# k_path_p.lwb

read("fml_lib.lwb");

proc : k_path_p(n)

local di, 42, 43, i, j;

begin
di [1; foreach i in [1,path_el(1,n),3,5] do append(di, box p(i));
d2 := [1;
for i :=1 to n do

for j := 1 to 6 do
append(d2, (left_to_right(i, j, n) v right_to_left(i, j, n)));
d3 := [1; foreach i in [2,4,path_el(n,n),6] do append(d3, mdia(n, “p(i)));
return list2disj(dl) v 1list2disj(d2) v list2disj(d3);
end; # k_path_p

proc : path_el(level, n)
local x;

begin
if (level = 1) then return 2;

if (level > n div 2) then x := path_el(level - 1, n) + 3; else x := path_el(level - 1, n) + 5;

if (x > 6) then x := x - 6;
return x;
end; # path_el

proc : left_to_right(level, k, n)
local x;

begin
if level = n then return false;
if (k mod 2 = 0) and (k <> path_el(level,n)) then return false;
x := path_el(level + 1, n);
if (k mod 2 = 0) then return lists2fml(level, k, [x]);
if (k = path_el(level,n)) then return lists2fml(level, k, [1,3,x,51);
return lists2fml(level, k, delete(x, 1, 3, 5));
end; # left_to_right

proc : right_to_left(level, k, n)
local x;

begin
if level = 1 then return false;
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if (k mod 2 = 1) then return false;

x := path_el(level - 1, n);

return lists2fml_back(level - 1, k, delete(x, 2, 4, 6));
end; # right_to_left

proc : delete(x, yi1, y2, y3)

begin
if x = y1 then return [y2,y3];
if x = y2 then return [y1,y3];
if x = y3 then return [y1,y2];
return [y1,y2,y3];

end; # delete

proc : lists2fml(level, k, s)
local d, x;

begin
d := []; foreach x in s do append(d, mdia(level, ~“p(k) & box p(x)));
return list2disj(d);

end; # lists2fml

proc : lists2fml_back(level, k, s)
local d, x;

begin
d := []; foreach x in s do append(d, mdia(level, “p(x) & box p(k)));
return list2disj(d);

end; # lists2fml_back

13.3.12 k_pathn

# k_path_p.lwb

read("fml_lib.lwb");

proc : k_path_p(n)

local di, 42, 43, i, j;

begin
di [1; foreach i in [1,path_el(1,n),3,5] do append(di, box p(i));
d2 := [1;
for i := 1 to n do

for j := 1 to 6 do
append(d2, (left_to_right(i, j, n) v right_to_left(i, j, n)));
d3 := []; foreach i in [2,4,path_el(n,n),6] do append(d3, mdia(n, “p(i)));
return list2disj(dl) v 1list2disj(d2) v list2disj(d3);
end; # k_path_p

proc : path_el(level, n)
local x;

begin
if (level = 1) then return 2;
if (level > n div 2) then x := path_el(level - 1, n) + 3; else x := path_el(level - 1, n) + 5;
if (x > 6) then x := x - 6;
return x;
end; # path_el

proc : left_to_right(level, k, n)
local x;
begin

if level = n then return false;
if (k mod 2 = 0) and (k <> path_el(level,n)) then return false;
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x := path_el(level + 1, n);
if (k mod 2 = 0) then return lists2fml(level, k, [x1);
if (k = path_el(level,n)) then return lists2fml(level, k, [1,3,x,5]);
return lists2fml(level, k, delete(x, 1, 3, 5));
end; # left_to_right

proc : right_to_left(level, k, n)
local x;

begin

if level = 1 then return false;

if (k mod 2 = 1) then return false;

x := path_el(level - 1, n);

return lists2fml_back(level - 1, k, delete(x, 2, 4, 6));
end; # right_to_left

proc : delete(x, yi1, y2, y3)

begin
if x = y1 then return [y2,y3];
if x = y2 then return [y1,y3];
if x = y3 then return [y1,y2];
return [y1,y2,y3];

end; # delete

proc : lists2fml(level, k, s)
local d, x;

begin
d := []; foreach x in s do append(d, mdia(level, ~“p(k) & box p(x)));
return list2disj(d);

end; # lists2fml

proc : lists2fml_back(level, k, s)
local d, x;

begin
d := []; foreach x in s do append(d, mdia(level, “p(x) & box p(k)));
return list2disj(d);

end; # lists2fml_back

13.3.13 kophp

# k_ph_p.lub

read("fml_lib.lwb");

proc : k_ph_p(n)

begin
return dia left(n) -> dia right(n);
end; # k_ph_p

proc : left(n)
local c, d, j, i;

begin
c = [1;
for i := 1 ton + 1 do
begin
d := [1; for j := 1 to n do append(d, 1(i, j));
append(c, list2disj(d));
end;
return list2conj(c);
end; # left
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proc : right(n)

local d, j, i1, i2;

begin
d :=[1;
for j :=1 to n do
for i1 := 1 ton + 1 do
for i2 :

=il +1 ton + 1 do

append(d, 1(i1, j) & 1(i2, j));
return list2disj(d);

end; # right

proc : 1(i, j)

begin

if i < j then return box p(i mult 100 + j); else return p(i mult 100 + j);
end; # 1

13.3.14 kphn

# k_ph_n.lub

read("k_ph_p.lwb");

proc : k_ph_n(n)

begin

return dia left(n) -> dia right(n);
end; # k_ph_n

proc : right(n)

local d, j, i1, i2;

begin
d := [1;
for j :=1 to n do
for i1 := 1 ton + 1 do
for i2 :

=il +1 ton + 1 do

append(d, 12(n, i1, j) & 12(n, i2, j));
return list2disj(d);

end; # right

proc : 12(n, i, j)
begin

if (i=3) and (i =
end; # 12

(2 mult n) div 3 + 1) then return

“1(i, j); else return 1(i, j);

13.3.15 k_poly.p

# k_poly_p.lwb

read("fml_lib.1lwb");

proc : k_poly_p(n)

begin
if (n mod 2 =

1) then return poly(3 mult n); else return poly(3 mult n + 1)
end; # k_poly_p
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proc : poly(n)
local c1, c2, i;

begin

cl := [1; for i 1 ton + 1 do append(cl, p(i));

c2 := [1; for i := 1 to n + 1 do append(c2, ~p(2 mult i));

return mbox(n + 1, list2conj(c1)) v f(n,n) v mbox(n + 1, list2conj(c2));
end; # poly

proc : f(i, n)
local a, j;

begin
if (i = 0) then return false;
if (i = n) then return dia(f(n - 1, n) v mdia(n, p(n) <-> p(1))) v box p(n + 2)
return dia(f(i - 1,n) v mdia(i, p(i) <-> p(i + 1))) v box p(i + 2);

end; # f

13.3.16 k_polyn

# k_poly_n.lwb

read("k_poly_p.lwb");

proc : k_poly_n(n)

begin
if (n mod 2 = 0) then return poly(3 mult n); else return poly(3 mult n + 1);
end; # k_poly_n

13.3.17 k_t4pp

# k_t4p_p.lwb

read("fml_lib.lwb");

proc : k_t4p_p(n)

begin
return E(n) v nnf("C(n)) v dia pé4;
end; # k_td4p_p

proc : C(i)
begin
ifi=0

then return ((box dia p0 -> dia pi1)
& box(box ~ box dia pl -> ~ box dia p0)
& (box dia p0 -> box box dia p1)
& box(dia box dia pO & pO -> box pil)
& box dia p1){p0 & dia ~p3/pi};

return box A4{p1/p0} & box C(i - 1) & box A4{dia p1/p0};

end; # C
proc : E(i)
begin

if i = 0 then return dia box pO;
return dia ~ A4{"p1/p0} v box E(i - 1) v box A5{p1/p0};
end; # E
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13.3.18 k_t4pn

# k_t4p_n.lwb

read("k_t4p_p.lwb");

proc : k_t4p_n(n)

begin
return E(2 mult n - 1) v nnf("C(2 mult n - 1)) v dia p4;
end; # k_t4p_n

proc : C(i)
begin
if i =0

then return ((box dia p0 -> dia pi1)
& box(box ~ box dia pl -> ~ box dia pO)
& (box dia p0 -> box box dia p1)
& box(dia box dia pO & pO -> box p1)){p0 & dia ~p3/pi};
return box A4{p1/p0} & box C(i - 1) & box A4{dia p1/p0};
end; # C

13.4 KT

13.4.1 Kkt 45p

# kt_45_p.1lwb

read("fml_lib.lwb");

proc : kt_45_p(n)
local i, d;

begin
d := [1;
for i :=1 to n do
append(d, mbox(n, A4) v “mbox(i, D2)
v “mbox(i, A5{dia “p0/p0}) v “mbox(i, box A5) v “mbox(i, B));
return k::nnf(list2disj(d));
end; # kt_45_p

13.4.2 kt 45n

# kt_45_n.1lwb

read("fml_lib.lwb");

proc : kt_45_n(n)
local i, d;
begin

d := [1;

for i := 1 to n do
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append(d, mbox(n, box p0 v box dia "p0) v ~“mbox(i, A4)
v "mbox(i, A4{dia p0/p0}) v “mbox(i, T)
v “mbox(i, A4{dia p0 -> p0/p0})
v "mbox(i, A4{box pO -> p0/p0}));
return k::nnf(list2disj(d));
end; # kt_45_n

13.4.3 kt_branch p

# kt_branch_p.luwb

read("k_branch_p.lwb");

proc : kt_branch_p(n)

begin
return ~(p(100) & “p(101) & mbox(n, bdepth(n) & det(n) & branching(n))) v “mbox(n, p(n div 3 + 1));
end; # kt_branch_p

13.4.4 kt_branchn

# kt_branch_n.lwb

read ("k_branch_p.lwb");

proc : kt_branch_n(n)

begin
return “(p(100) & “p(101) & mbox(n, bdepth(n) & det(n) & branching(n)));
end; # kt_branch_n

13.4.5 kt_dump

# kt_dum_p.lwb

read("fml_lib.lwb");

proc : kt_dum_p(n)
local c, di, d2;

begin

¢ := A4{box(p0 -> box p0) -> p0 / pO} & box A4 & Dum & Dum{p0 -> box p0 / pO};

di := [1; for i := 1 to n div 2 do append(dil, mbox(i, A4));

42 := [1; for i :=n div 2 + 2 to n - 1 do append(d2, mdia(i, ~A4));

return list2conj(di) & ~ mbox(n div 2 + 1, Duml) -> mdia(n div 2 + 1, “c) v list2disj(d2);
end; # kt_dum_p

13.4.6 kt_dumn

# kt_dum_n.lwb

read("fml_lib.lwb");
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proc : kt_dum_n(n)
local c, di, d2, i;

begin

c := A4{box(p0 -> box p0) -> p0 / pO} & box A4 & Dum & Dum{pO -> box pO / pO};

di := [1; for i := 1 to n div 2 do append(dl, mbox(i, box A4 & Dum));

d2 := [1; for i :=n div 2 + 2 ton - 1 do append(d2, mdia(i, ~(box A4 & Dum)));

return list2conj(di) & ~ mbox(n div 2 + 1, Grz) -> mdia(n div 2 + 1, “c) v list2disj(d2);
end; # kt_dum_n

13.4.7 kt grzp

# kt_grz_p.lwb

read("k_grz_p.lub");

proc : kt_grz_p(n)
local a, i, d;

begin
C := box(p2 -> box p2) -> p2;
d :=[]; for i := 1 to n - 1 do append(d, 1(i));
return box Grz{p2/p0} & list2conj(d) & Grz{C & A4{C/p0}/pO}
-> Grzi{p1/p0} v Grzi{p2/p0} & dia box “p0 v Grzi{p3/p0} v Grzi{p2/p0} & dia pO;
end; # kt_grz_p

13.4.8 kt grzmn

# kt_grz_n.lwb

read("kt_grz_p.lwb");

proc : kt_grz_n(n)
local c, i, d;

begin

C := box(p2 -> box p2) -> p2;

d :=[]; for i := 1 to n - 1 do append(d, 1(i));

return box Grzi{p2/p0} & list2conj(d) & Grzi{C & A4{C/p0}/p0} -> A5{p1/p0} v A5{p2/p0} v A5{p3/p0};
end; # kt_grz_n

proc : 1(i)

begin
if i mod 4 = O then return Grzi{12(i div 4) / pO};
if i mod 4 = 1 then return Grzi{box 12(i div 4) v p1 / pO};
if i mod 4 = 2 then return Grzi{box 12(i div 4) v pl v p2 / pO};
return Grzi{box 12(i div 4) v p1 v p2 v p3 / pO0};
end; # 1

13.4.9 ktmdp

# kt_md_p.lwb

read("fml_lib.lwb");
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proc : kt_md_p(n)
local d, i;

begin
d := [1;
for i := 1 ton-1do
append(d, g(i, n, “pl & dia f(1, n, p2))
v g(i, n, “pl & dia f(1, n, p1))
v g(i, n, “p2 & dia f(1, n, p1)));
return pl v list2disj(d) v g(n, n, “pi);
end; # kt_md_p

proc : g(i, n, a)
local j;

begin

if i = 1 then return a;

return f£(i, n, g(i - 1, n, a));
end; # g

proc : f(i, n, a)
local j;
begin

return mdia(i - 1, box mdia(n - i, a));
end; # f

13.4.10 ktmdn

# kt_md_n.lwb

read ("kt_md_p.lwb");

proc : kt_md_n(n)
local d, i;
begin
d := [1; for i := 1 to n - 1 do append(d, g(i, n, “pl & dia f(1, n, p1)));
return p1l v list2disj(d);

end; # kt_md_n

13.4.11 kt_pathp

# kt_path_p.lwb

read("k_path_p.lwb");

proc : kt_path_p(n)

local di, 42, 43, i, j;

begin
di [1; foreach i in [1,path_el(1,n),3,5] do append(di, box p(10 + i));
d2 := [1;
for i :=1 to n do

for j :=1 to 6 do
append(d2, (left_to_right(i, j, n) v right_to_left(i, j, mn)));
d3 := [1; foreach i in [2,4,path_el(n,n),6] do append(d3, mdia(n, “p(10 mult n + i)));
return list2disj(dl) v 1list2disj(d2) v list2disj(d3);
end; # kt_path_p
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proc : lists2fml(level, k, s)
local d, x;

begin
d :=[1;
foreach x in s do append(d, mdia(level,
return list2disj(d);

end; # lists2fml

“p(10 mult level + k) & box p(10 mult (level + 1) + x)));

proc : lists2fml_back(level, k, s)

local d, x;
begin
d :=[1;

foreach x in s do append(d, mdia(level,
return list2disj(d);
end; # lists2fml_back

“p(10 mult level + x) & box p(10 mult (level + 1) + k)));

13.4.12 kt_pathn

# kt_path_n.lwb

read("k_path_n.lwb");

proc : kt_path_n(n)
local di, 42, 43, i, j;

begin
d1
d2 H
for i := 1 ton + 1 do
for j := 1 to 6 do

[1; foreach i in [1,path_el(1,n+1),3,5] do append(dil, box p(10 + i));

append(d2, (left_to_right(i, j, n + 1) v right_to_left(i, j, n + 1)));

d3 := [1;

foreach i in [2,4,path_el(n+1,n+1),6] do append(d3, mdia(n + 1, “p(10 mult (n + 1) + i)));
return list2disj(dil) v list2disj(d2) v list2disj(d3);

end; # kt_path_n

proc : lists2fml(level, k, s)
local d, x;

begin
d := [1;
foreach x in s do append(d, mdia(level,
return list2disj(d);

end; # lists2fml

“p(10 mult level + k) & box p(10 mult (level + 1) + x)));

proc : lists2fml_back(level, k, s)
local d, x;

begin
d := [1;
foreach x in s do append(d, mdia(level,
return list2disj(d);

end; # lists2fml_back

“p(10 mult level + x) & box p(10 mult (level + 1) + k)));

13.4.13 kt_phop

# kt_ph_p.lwb
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read("k_ph_p.1lwb");

proc : kt_ph_p(n)

begin
return left(n) -> dia right(n);
end; # kt_ph_p

13.4.14 kt phn

# kt_ph_n.lwb

read("k_ph_n.lwb");

proc : kt_ph_n(n)

begin
return left(n) -> dia right(n);
end; # kt_ph_n

13.4.15 kt_poly.p

# kt_poly_p.lwb

read("k_poly_p.lwb");

proc : kt_poly_p(n)

begin
if (n mod 2 = 1) then return poly(5 mult n); else return poly(5 mult n + 1);
end; # kt_poly_p

proc : f(i, n)
local a, j;

begin
if (i = 0) then return false;
if (i = n) then return dia(f(n - 1, n) v mdia(n + 2, p(n) <-> p(1))) v box p(n + 2)
return dia(£(i - 1,n) v mdia(i + 2, p(i) <-> p(i + 1))) v box p(i + 2);

end; # f

13.4.16 kt_polyn

# kt_poly_n.lwb

read("kt_poly_p.lwb");

proc : kt_poly_n(n)

begin
if (n mod 2 = 0) then return poly(3 mult n); else return poly(3 mult n + 1)
end; # kt_poly_n
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13.4.17 kt_t4pop

# kt_td4p_p.lwb

read("k_t4p_p.lwb");

proc : kt_t4p_p(n)

begin
return E(n) v nnf("C(n)) v dia pé4;
end; # kt_tdp_p

proc : C(i)
begin
if i =0

then return ((box dia p0O -> box box dia pi1)
& box(dia box dia pO & pO -> box pi1)
& box dia p1){p0 & dia “p3/pi};
return box A4{p1/p0} & box C(i - 1);
end; # C

13.4.18 kt_t4pn

# kt_t4p_n.lwb

read("kt_t4p_p.lwb");

proc : kt_t4p_n(n)

begin
return E(2 mult n - 1) v nnf("C(2 mult n - 1)) v dia p4;
end; # kt_tdp_n

proc : C(i)
begin
ifi=0

then return ((box dia p0 -> dia pi1)
& (box dia p0 -> box box dia p1)
& box(dia box dia pO & pO -> box p1)){p0 & dia ~p3/pi};
return box A4{p1/p0} & box C(i - 1);
end; # C

13.5 S4

13.5.1 s4.45p

# s4_45_p.lwb

read("fml_lib.1lwb");

proc : s4_45_p(n)
local i, d;

begin
d :=[1;
for i := 1 to n do
append(d, h(n, A5) v "h(i, D2) v “h(i, A5{dia “p0/p0}) v “h(i, box A5) v “h(i, B));
return k::nnf(list2disj(d));
end; # s4_45_p
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proc : h(i, a)

begin
if i = 0 then return a; else return box p0 v box h(i - 1, a) v box pi;
end;

13.5.2 s4.45n

# s4_45_n.1lwb

read("s4_45_p.lub");

proc : s4_45_n(n)

local i, d;

for i := 1 to n do
append(d, h(n, box pO v box dia ~p0) v “h(i, A4)
v “h(i, A4{dia p0/p0}) v “h(i, T)
v "h(i, A4{box pO -> p0/p0})
v “h(i, T{box p0 -> p0/p0}));
return k::nnf(list2disj(d));
end; # s4_45_n

13.5.3 s4 branchp

# s4_branch_p.lub

read("k_branch_p.lwb");

proc : s4_branch_p(n)

begin
return “(p(100) & “p(101) & box(bdepth(n) & det(n) & branching(n))) v “box p(n div 3 + 1);
end; # s4_branch_p

13.5.4 s4_branchn

# s4_branch_n.lwb

read("k_branch_p.lwb");

proc : s4_branch_n(n)

begin
return “(p(100) & ~“p(101) & box(bdepth(n) & det(n) & branching(n)));
end; # s4_branch_n

13.5.5 s4. grzp

# s4_grz_p.lwb
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read("k_grz_p.lwb");

proc : s4_grz_p(n)
local a, C, i, di;

begin
C := box(p2 -> box p2) -> p2;
di := [1; for i := 1 to n - 1 do append(dl, 1(i));
return box Grz{p2/p0} & list2conj(d1) & Grz{C & A4{C/p0}/pO}
-> Grzi{p1/p0} v Grz1{p2/p0} & ~ box dia pO v Grz1{p3/p0} v Grzi{p2/p0} & ~ dia ~(box dia p0 v pi);
end; # s4_grz_p

13.5.6 s4._grzn

# s4_grz_n.lwb

read("s4_grz_p.lwb");

proc : s4_grz_n(n)
local C, i, d;

begin

C := box(p2 -> box p2) -> p2;

d := []; for i := 1 to n - 1 do append(d, 1(i));

return box Grzi{p2/p0} & list2conj(d) & Grzi{C & A4{C/p0}/p0} -> A5{p1/p0} v AB{p2/p0} v A5{p3/p0};
end; # s4_grz_n

proc : 1(i)

begin
if i mod 4 = O then return Grzi{12(i div 4) / p0};
if i mod 4 = 1 then return Grzi{box 12(i div 4) v p1 / pO};
if i mod 4 = 2 then return Grzi{box 12(i div 4) v p1 v p2 / pO};
return Grzi{box 12(i div 4) v p1 v p2 v p3 / pO};
end; # 1

13.5.7 s4_ipcp

# s4_ipc_p.lwb

read("fml_lib.1lwb");

proc : s4_ipc_p(n)
local c, i;

begin
c := [1; for i := 1 to n do append(c, £(i, n));
return list2conj(c) -> false;

end; # s4_ipc_p

proc : f(i, n)
local c, j;
begin
c := []; for j := 1 to n do append(c, box p(j));

return box(box(box p(i) -> list2conj(c)) -> false);
end; # f
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13.5.8 s4_ipcn

# s4_ipc_n.lwb

read("fml_lib.lwb");

proc : s4_ipc_n(n)
local c, i;

begin
c := [1; for i := 1 to n do append(c, f2(i, n));
return list2conj(c) -> false;

end; # s4_ipc_n

proc : £f2(i, n)

begin

if i = (n + 1) div 2 then return true; else return f(i, n);

end; # f2

proc : f(i, n)
local c, j;

begin
c := [1; for j := 1 to n do append(c, box p(j));
return box(box(box p(i) -> list2conj(c)) -> false);
end; # f

13.5.9 s4mdp

# s4_md_p.lwb

read ("kt_md_p.lwb");

proc : s4_md_p(n)
local d, i;

begin
d := [1;
for i :=1 ton -1 do
append(d, g(i, n, “p1l & dia f(1, n, p2))
v g(i, n, “pl & dia f(1, n, p1))
v g(i, n, “p2 & dia f(1, n, p1)));
return pl v list2disj(d) v g(n, n, “pi);
end; # s4_md_p

proc : f(i, n, a)
local j;
begin

return h(i - 1, box h(n - i, a));
end; # f

proc : h(i, a)
local j;
begin

if i = 0 then return a; else return dia h(i - 1, a) v p2;
end; # h



13.5.10 s4_mdn

# s4_md_n.lwb

read("s4_md_p.lwb");

proc : s4_md_n(n)
local d, i;

begin
d := [1; for i := 1 to n - 1 do append(d, g(i, n, “pl & dia f(1, n, p1)));
return pl v list2disj(d);

end; # s4_md_n

13.5.11 s4 pathp

# s4_path_p.lwb

read ("kt_path_p.1lwb");

proc : s4_path_p(n)

local di, 42, 43, i, j;

begin
di [1; foreach i in [1,path_el(1,n),3,5] do append(di, box box p(10 + i));
d2 := [1;

for i := 1 to n do
for j := 1 to 6 do
append(d2, (left_to_right(i, j, n) v right_to_left(i, j, mn)));
d3 := [1; foreach i in [2,4,path_el(n,n),6] do append(d3, dia “p(10 mult n + i));
return list2disj(dl) v list2disj(d2) v dia list2disj(d3);
end; # s4_path_p

13.5.12 s4 pathn

# s4_path_n.lwb

read("kt_path_n.1lwb");

proc : s4_path_n(n)
local di, 42, 43, i, j;

begin
di := [1; foreach i in [1,path_el(1,n+1),3,5] do append(di, box box p(10 + i));
d2 := [1;
for i := 1 ton + 1 do
for j := 1 to 6 do
append(d2, (left_to_right(i, j, n + 1) v right_to_left(i, j, n + 1)));
d3 := []; foreach i in [2,4,path_el(n+1,n+1),6] do append(d3, dia "p(10 mult (n + 1) + i));
return list2disj(dl) v list2disj(d2) v dia list2disj(d3);
end; # s4_path_n
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13.5.13 s4.php

# s4_ph_p.luwb

read("k_ph_p.1lwb");

proc : s4_ph_p(n)

begin
return left(n) -> dia right(n);
end; # s4_ph_p

proc : right(n)

local d, j, i1, i2;

begin
d :=[1;
for j :=1 to n do
for i1 := 1 ton + 1 do

for i2 := i1 + 1 ton + 1 do
append(d, dia(l(it, j) & 1(i2, j)));
return list2disj(d);
end; # right

13.5.14 s4phn

# s4_ph_n.luwb

read("s4_ph_p.lub");

proc : s4_ph_n(n)
begin
return left(n) -> dia right(n);

end; # s4_ph_n

proc : right(n)

local d, j, i1, i2;

begin
d := [1;
for j :=1 to n do
for i1l := 1 ton + 1 do
for i2 := i1l + 1 ton + 1 do

append(d, dia(12(n, i1, j) & 12(n, i2, j)));

return list2disj(d);

end; # right

proc : 12(n, i, j)

begin

if (i =3 ) and (i = (2 mult n) div 3 + 1)
then return “1(i, j);

else return 1(i, j);

end; # 12
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13.5.15 s4.sb5p

# s4_s5_p.luwb

read("fml_lib.lwb");

proc : s4_s5_p(n)
local d, i;

begin

d := [1; for i := 1 to 3 mult n - 2 do append(d, p(i) <-> p(i + 1));

return box dia(box 1list2disj(d) v box p(3 mult n) v f(1, 3 mult n - 1)) v box(dia p1 -> “p(3 mult n));
end; # s4_s5_p

proc : f(i, n)

begin
if i = n then return false; else return dia(p(i) & “p(i + 1) v “p(i) & p(i + 1)) v box £(i + 1, n);
end;

13.5.16 s4_s5n

# s4_s5_n.lwb

read("s4_s5_p.1lwb");

proc : s4_s5_n(n)
begin
return box dia(box p(6 mult n) v £(1, 6 mult n - 5)) v box(dia p1 -> “p(6 mult n));

end; # s4_sb_n

13.5.17 s4_t4pp

# s4_t4p_p.lwb

read ("k_t4p_p.lub");

proc : s4_tdp_p(n)

begin
return E(n) v nnf("C(2 mult n - 1)) v dia p4;
end; # s4_t4p_p

proc : C(i)

begin
if i = 0 then return (box(dia box dia p0 & pO -> box p1) & box dia pi){p0 & dia ~p3/p1};
return Dum{p1/p0} & box C(i - 1);

end; # C

13.5.18 s4_t4pn

# s4_t4p_n.lwb
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read("s4_t4p_p.lwb");

proc : s4_t4p_n(n)

begin
return E(2 mult n - 1) v nnf("C(4 mult n - 1)) v dia p4;
end; # s4_t4p_n

proc : C(i)

begin
if i = 0 then return ((box dia p0 -> dia p1) & box(dia box dia p0 & p0 -> box p1)){p0 & dia “p3/pi};
return Dum{p1/p0} & box C(i - 1);

end; # C
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